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Haruhiko Ogasawara 

 
In Sections 1 through 3 of this note, supplements to Ogasawara (2008, 

2009a, 2009b) are given, respectively. 
 
1. Supplement to the paper: “Some properties of the pivotal statistic based 
on the asymptotically distribution-free theory in structural equation 
modeling” 

Since the proof of Theorem 1 in Ogasawara (2008) was somewhat indirect, 
another proof of the theorem more directly derived is given in this section. 

We show only the essential result NT 2 NT NT2
ˆ ˆˆ ˆacov ( , ) acov ( , )θ α θ α=  

required for the proof of Theorem 1. From (2.3), 
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Using the above result, 
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where 
a b≥
∑ is 

1p a b≥ ≥ ≥
∑ ; 

c d e f≥ ≥ ≥
∑  is 

1p c d e f≥ ≥ ≥ ≥ ≥
∑ ; and abσ  denotes that abσ  

and ( )ba b aσ ≠  are temporarily treated as different variables in 
differentiation. The second term on the right-hand side of the last equation of 
(A.9) becomes 
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where / / ( , 1,..., )ab ba a b pθ σ θ σ∂ ∂ = ∂ ∂ =  is used. From (A.9) and (A.10), 

NT 2 NT NT2
ˆ ˆˆ ˆacov ( , ) acov ( , )θ α θ α=  follows. 

 
 
2. Supplement to the paper “Asymptotic expansions in mean and 
covariance structure analysis” 
 

In this section, supplement to Ogasawara (2009a) is given, where the 

subscripts for moments e.g., , , , ,ab a abcd a abcds X m μ σ  and abcdκ  can take 
values 1,2,…,p with possible duplication. 
 
A.1 The asymptotic covariance matrix of sample means and covariances 
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It is known that 
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(see e.g., Kaplan, 1952, Equation (3)), which gives 
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From the above results, (3.7) follows. 
 
A.2 The third cumulants of some sample moments 
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A.2.2 E{( )( )( )}ab ab c c d ds X Xσ μ μ− − −  
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A.2.3 E{( )( )( )}a a b b c cX X Xμ μ μ− − −  

3 2

E( )= .a b c abcS S S
N N

σ
=  

From A.2.1, A.2.2 and A.2.3, we have (3.10a) through (3.10c). 
 
A.3 The fourth central moments of some sample moments 

A.3.1 E{( )( )( )( )}ab ab cd cd ef ef g gs s s Xσ σ σ μ− − − −  
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(i) The first term on the right-hand side of (A1) 
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(ii) The second term on the right-hand side of (A1) 
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(iii) The third term on the right-hand side of (A1) 
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(iv) The sum of the terms on the right-hand side of (A1) 
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From (A3), (3.15a) follows. 
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(i) The first term on the right-hand side of (A4) 
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(ii) The second term on the right-hand side of (A4) 
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(iii) The third term on the right-hand side of (A4) 
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Using the above result, (A4) becomes 
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which yields (3.15b). 
 
A.3.3 E{( )( )( )( )}ab ab c c d d e es X X Xσ μ μ μ− − − −  
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From the above equation, (3.15c) follows. 
 

A.3.4 E{( )( )( )( )}a a b b c c d dX X X Xμ μ μ μ− − − −  
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which gives (3.15d). 
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A.5 The covariances of some sample moments 

A.5.1 Cov( , )abc em X  
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The above result yields (4.7b). 
 
A.5.2 Cov( , )abc efm s  
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First, we have 
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From the above results, 
3
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which gives (4.7c). 
 

A.5.3 Cov( , )abcd em X  
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From the above result, (4.7d) follows. 
 
 
3. Supplement to the paper: “On the estimators of model-based and 
maximal reliability” 
 

In this section supplement to Ogasawara (2009b) is given. 

S1. The partial derivatives of ˆiρ (i=1, 2, 4) and max5ρ̂  
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For max5ρ̂ , let 5 1
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The partial derivatives of 5ŷ  with respect to abs ’s are as follows: 

5
2

1

2 22
5

2 3 2
( , ) 1

ˆˆ
,

ˆ ˆ

ˆ ˆ ˆ ˆˆ 2 ,
ˆ ˆ ˆ

p
ab ii i

iab a i ab

p
ab a ii i i ii i

ab cd iab cd a cd i ab cd i ab cd

y s
s s

y s s
s s s s s s s

δ ψ
ψ ψ

δ ψ ψ ψ ψ
ψ ψ ψ

=

=

∂ ∂
= −

∂ ∂

⎛ ⎞∂ ∂ ∂ ∂ ∂
= − + −⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠

∑

∑ ∑  



 40

3 23
5

3 2
( , , )

2 33

4 3 2
1 ( , , )

ˆ ˆ ˆˆ 2
ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ6 2
ˆ ˆ ˆ

(

ab a a ab a

ab cd efab cd ef a cd ef a cd ef

p
ii i i i ii i i ii i

i ab cd efi ab cd ef i ab cd ef i ab cd ef

y
s s s s s s s

s s s
s s s s s s s s s

p

δ ψ ψ δ ψ
ψ ψ

ψ ψ ψ ψ ψ ψ
ψ ψ ψ=

⎛ ⎞∂ ∂ ∂ ∂
= −⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠

⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂
+ − + −⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠

≥

∑

∑ ∑
1; 1; 1).a b p c d p e f≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥

 

 

S2. The partial derivatives of Ĥ  with respect to abs ’s 
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s
s s

ψψ ψ δ δ ψ ψ

ψψ ψ ψψ ψ ψ ψ

ψψ ψ

− − − −

− − − −

− −

∂ ∂
= − +

∂ ∂

∂ ∂∂ ∂ ∂⎛= +⎜∂ ∂ ∂ ∂ ∂ ∂⎝

⎞∂
− ⎟∂ ∂ ⎠

−

∑

∑

2
3/ 2 1/ 2 1/ 2 3/ 2

)

ˆˆˆ ˆ ˆ ˆ ,ji
ic jd i j i j

cd ab abs s
ψψδ δ ψ ψ ψ ψ− − − − ∂⎛ ⎞∂

+⎜ ⎟∂ ∂⎝ ⎠
∑

 

3 2
7/2 1/2

( , )

23
5/2 3/2 5/2 1/2

( , , )

2
3/2 3/2

ˆ ˆ ˆ ˆ15 ˆ ˆ
8

ˆˆ ˆ ˆ ˆ3 3ˆ ˆ ˆ ˆ
8 4

ˆˆ1 ˆ ˆ
4

ij i i i
i j

i jab cd ef ab cd ef

ji i i i
i j i j

ab cd ef ab cd ef ab cd ef

ji
i j

ab cd

h
s s s s s s

s s s s s s

s s

ψ ψ ψψ ψ

ψψ ψ ψ ψψ ψ ψ ψ

ψψψ ψ

− −

− − − −

− −

∂ ∂ ∂ ∂⎧= −⎨∂ ∂ ∂ ∂ ∂ ∂⎩

∂∂ ∂ ∂ ∂⎛+ − +⎜ ∂ ∂ ∂ ∂ ∂ ∂⎝

∂∂
+

∂ ∂

∑

∑
3

3/2 1/2 ˆ1 ˆ ˆ
2

i
i j ij

ef ab cd ef

s
s s s s

ψψ ψ− −
⎞ ⎫∂ ⎪−⎟ ⎬⎟∂ ∂ ∂ ∂ ⎪⎠ ⎭
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3 2
5/2 1/2 3/2 3/2

( , , ) ( , )

2
3/2 1/2

ˆˆ ˆ ˆ3 1ˆ ˆ ˆ ˆ
4 4

ˆ1 ˆ ˆ
2

( 1; 1; 1; 1).

ji i i
ie jf i j i j

ab cd ef i j ab cd ab cd

i
i j

ab cd

s s s s

s s
p i j p a b p c d p e f

ψψ ψ ψδ δ ψ ψ ψ ψ

ψψ ψ

− − − −

− −

∂∂ ∂ ∂⎛+ +⎜ ∂ ∂ ∂ ∂⎝

⎞∂
− ⎟∂ ∂ ⎠

≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥

∑ ∑

 

 
(2) 1ˆ ˆˆ ' −=H Λ S Λ  for max 2ρ̂  

2
1 1 1

( , )

2 22
1 1

( , )

2
1 1 1

( , )

ˆ ˆ 2' ˆ ˆ ˆ( ) ( ) ,
2

ˆ ˆ ˆ ˆ' 'ˆ

ˆ2 ˆ ˆ( ) (
2

ij ab
ai bj

i jab ab ij

ij

i jab cd ab cd ab cd ij

ab
bj

ab cd cd ai

h
s s

h
s s s s s s

s

δ

δ

− − −

− −

− − −

⎧ ⎫⎛ ⎞∂ −∂⎪ ⎪= −⎜ ⎟⎨ ⎬⎜ ⎟∂ ∂⎝ ⎠⎪ ⎪⎩ ⎭
⎡⎛ ⎞∂ ∂ ∂ ∂

= +⎢⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎢⎝ ⎠⎣

⎛ ⎞− ∂
− +⎜ ⎟⎜ ⎟∂⎝ ⎠

∑

∑

∑

Λ S Λ S Λ S Λ

Λ Λ ΛS Λ S

ΛS S Λ S 1

8
1 1

( , , , )

ˆ
)

1 ˆ ˆ(2 )(2 ) ( ) ( ) ,
4

ai
cd bj

ac
ab cd di bj

a b c d

s

sδ δ

−

− −

⎤⎧ ⎫⎛ ⎞∂⎪ ⎪⎥⎜ ⎟⎨ ⎬⎜ ⎟∂ ⎥⎝ ⎠⎪ ⎪⎩ ⎭⎦

+ − − ∑

ΛΛ S

S Λ S Λ

 

3 3 22 3
1 1

( , ) ( , , )

3
1 1 1 1

( , , )

ˆ ˆ ˆ ˆ' 'ˆ

ˆ ˆ ˆ ˆ2
2

ij

i j ab cd efab cd ef ab cd ef ab cd ef ij

ab

ab cd ef cd ef ef cdai bjbj ai

h
s s s s s s s s s

s s s s
δ

− −

− − − −

⎡⎛ ⎞∂ ∂ ∂ ∂
= +⎢⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎢⎝ ⎠⎣

⎧ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞− ∂ ∂ ∂ ∂
− +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎨⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

∑ ∑

∑

Λ Λ ΛS Λ S

Λ Λ Λ ΛS S S S

2 2
1 1 1 1

ˆ ˆˆ ˆ( ) ( )bj ai
cd ef cd efai bj

s s s s
− − − −

⎪

⎪⎩
⎤⎫⎛ ⎞ ⎛ ⎞∂ ∂ ⎪⎥+ +⎜ ⎟ ⎜ ⎟ ⎬⎜ ⎟ ⎜ ⎟ ⎥∂ ∂ ∂ ∂ ⎪⎝ ⎠ ⎝ ⎠ ⎭⎦

Λ ΛS S Λ S Λ S
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3 16
1 1

( , , ) ( , , , ,( , ))

48
1 1

( , , , , , )

ˆ1 ˆ(2 )(2 ) ( )
4

1 ˆ ˆ(2 )(2 )(2 ) ( ) ( )
8

( 1; 1; 1; 1),

ac
ab cd bj

ab cd ef a b c d i j ef di

ae fc
ab cd ef di bj

a b c d e f

s
s

s s

k i j p a b p c d p e f

δ δ

δ δ δ

− −

− −

⎛ ⎞∂
+ − − ⎜ ⎟⎜ ⎟∂⎝ ⎠

− − − −

≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥

∑ ∑

∑

ΛS S Λ

S Λ S Λ
 

where 
1( )ab

abs −= S . 
 

(3) 1ˆ ˆ ˆˆ ' −=H Λ Ψ Λ  for max 4ρ̂  
2

1 2

( , )

2 22 2
1 2 1

( , ) ( , )

3

ˆ ˆ ˆ' ˆ ˆ ˆ ˆ ˆ' ,

ˆ ˆ ˆ ˆ ˆ ˆ' ' 'ˆ ˆ ˆ ˆ ˆ

ˆ ˆˆ ˆ ˆ ˆ2 ' '

ij

i jab ab abij ij

ij

i j ab cdab cd ab cd ab cd ab cd ij

ab cd

h
s s s

h
s s s s s s s s

s s

− −

− − −

−

⎛ ⎞ ⎛ ⎞∂ ∂ ∂
= −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠

⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂
= − +⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠

∂ ∂
+ −

∂ ∂

∑

∑ ∑

Λ ΨΨ Λ Λ Ψ Λ

Λ Λ Ψ Λ ΛΨ Λ Ψ Λ Ψ

Ψ ΨΛ Ψ Λ Λ
2

2
ˆˆ ˆ ,

ab cd ij
s s

−⎛ ⎞∂
⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

ΨΨ Λ

 

3 3 22 3
1 2

( , ) ( , , )

2
1 2 3

2
2

ˆ ˆ ˆ ˆ' 'ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ' ' 'ˆ ˆ ˆ ˆ2

ˆ ˆ' ˆ

ij

i j ab cd efab cd ef ab cd ef ab cd ef

ab cd ef ab cd ef ab cd ef

ab c

h
s s s s s s s s s

s s s s s s s s s

s s

− −

− − −

−

⎧ ⎛∂ ∂ ∂ ∂⎪= + −⎜⎨ ⎜∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎪ ⎝⎩

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
+ − +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂
−
∂ ∂

∑ ∑Λ Λ ΨΨ Λ Ψ Λ

Λ Λ Λ Ψ Λ Λ Ψ ΨΨ Ψ Ψ Λ

Λ ΨΨ
23

3

( , , )

3
4 2

ˆ ˆˆ ˆ ˆ ˆ2 '

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ6 ' '

( 1; 1; 1; 1).

ab cd efd ef ab cd efij

ab cd ef ab cd ef ij

s s s s

s s s s s s

k i j p a b p c d p e f

−

− −

⎫⎞ ⎛ ∂ ∂⎪ +⎟ ⎜⎬⎟ ⎜∂ ∂ ∂ ∂⎪⎠ ⎝⎭

⎞∂ ∂ ∂ ∂
− + ⎟⎟∂ ∂ ∂ ∂ ∂ ∂ ⎠

≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥

∑ Ψ ΨΛ Λ Ψ Λ

Ψ Ψ Ψ ΨΛ Ψ Λ Λ Ψ Λ
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S3. The third partial derivatives of the eigenvectors 
*

3

1 2

2

ˆ 1(2 )ˆ ˆ ˆ ˆ ˆ( )

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )1 1
ˆ ˆ ˆ ˆˆ ˆ 2

ˆ ˆ ˆ ˆ ˆ( )

pik
j ab
j i i jab cd ef

i j i j i j

i j cd ef cd ef

ia jb ib ja jk

u

h h h

h h h h

u u u u u

δ
γ γ

γ γ γ γ γ γ
γ γ

=
≠

⎡∂
= − ⎢

−∂ ∂ ∂ ⎢⎣
⎫⎧ ∂ − ∂ − ∂ − +⎪ ⎪× +⎨ ⎬− ∂ ∂ ∂ ∂⎪ ⎪⎩ ⎭

× +

∑

 

2

2
( , )

2

( , )

22

( , )

ˆ ˆ( )1
ˆˆ ˆ2( )

ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ( )ˆ ˆ ˆ

ˆ ˆ ˆ1 ˆˆ ˆ ˆ ˆˆ ˆ2( )

i j

cd ef i j cd

ia jb jk
jb ia jk ia jb ib ja

a b ef ef ef

ia ia jb
jb

a bi j cd ef cd e

h

u u u
u u u u u u u

h h h

u u u
u

h h h h

γ γ
γ γ

γ γ

∂ − +
+

− ∂

⎧ ⎛ ⎞ ⎫∂ ∂ ∂⎪ ⎪× + + +⎜ ⎟⎨ ⎬⎜ ⎟∂ ∂ ∂ ⎪⎪ ⎝ ⎠ ⎭⎩
⎧ ⎧⎛ ∂ ∂ ∂⎪ ⎪+ +⎜⎨ ⎨⎜− ∂ ∂ ∂ ∂⎪ ⎪⎝⎩⎩

∑

∑

∑

2

22

( , )

* * * *

ˆ ˆ ˆ
ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ( )ˆ ˆ ˆ ˆ ˆ

( , 1,... ; 1; 1; 1).

f

ia jb jb
ia jk

ef cd cd ef

ia jb jk jk
jb ia ia jb ib ja

cd ef cd cd ef cd ef

u u u
u u

h h h h

u u u u
u u u u u u

h h h h h

i k p p a b p c d p e f

⎞∂ ∂ ∂
+ + ⎟

⎟∂ ∂ ∂ ∂ ⎠
⎤⎫ ⎫⎛ ⎞∂ ∂ ∂ ∂⎪ ⎪⎥+ + + +⎜ ⎟ ⎬ ⎬⎜ ⎟∂ ∂ ∂ ∂ ∂ ⎥⎪ ⎪⎝ ⎠ ⎭ ⎭⎦

= ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥

∑
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