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Supplement to the paper “Expected predictive least squares for model
selection in covariance structures”

– Higher-order bias corrections and correlation structures

Haruhiko Ogasawara

This article supplements Ogasawara (2017).

S1. Higher-order bias corrections for least squares

S1.1 NTG NTGALS , TLS , and NTGCALS when


NT
ˆ acov ( )nsW s

by NT-GLS for covariance structures

S1.1 1 Preliminary results

( )
T NT T T

1

1
NT T

ymmetrizer; Holmquist,1988,

p.275; Kano, 1997, p.182; Magnus & Neudecker, 1999, p.46

s

E ( ) , cov ( ) 2 ( ) ',

( ' ) ', vec( ) v( ) ,

' '(

),

{ cov ( )} (1/ 2) '(

g p p

p p p p p p

p p p p p

p

n

n

 

 

 



  

  

 



s S Σ s D Σ Σ D

D D D D S D S D s

N D D D D

s D Σ 1 1
T ) .p

 Σ D

The last result is confirmed by

1 1
T T T T

1 1
T T T T

1 1
T T T T

{2 ( ) '}{(1 / 2) '( ) }

( ) ( )

( )( )

p p p p

p p p

p p p

   

  

  

 

  

  

D Σ Σ D D Σ Σ D

D Σ Σ N Σ Σ D

D N Σ Σ Σ Σ D



8

*

1 1

( )

( ' ) ' ( ' ) '

,

p p p p p p p p p p p

p

   



D N D D D D D D D D D

I

where T T T T( ) ( )p p  Σ Σ N N Σ Σ is used.

1
NT

1 1
T T

1 1
T T

1 2
T

( ) '{ cov ( )} ( )

( ) '(1 / 2) '( ) ( )

(1 / 2)vec '( )( )vec( )

(1 / 2)tr[{ ( )} ].

p p

n 

 

 



 

   

   

 

s σ s s σ

s σ D Σ Σ D s σ

S Σ Σ Σ S Σ

Σ S Σ

Define F as the NT-GLS discrepancy function of s and σ , then

0 T

2 3
2 30 0 0

0 T T T2 3
T T T

2

2 3
2 30 0 0

0 0 0 02 3
0 0 0

2

12 2
0

,

T

1 1ˆ ( ) ( ) ( )
' 2 ( ') 6 ( ')

( ),

1 1ˆ ˆ ˆˆ ( ) ( ) ( )
' 2 ( ') 6 ( ')

( ),

|
' '

p

p

O n

O n

F F

   

   



   

   





 

  
      

  



  
      

  



   
  

     
θ θ s σ

θ θ θ
θ θ s σ s σ s σ

σ σ σ

σ σ σ
σ σ θ θ θ θ θ θ

θ θ θ

θ

σ θ θ θ

 

0 T,

1
2

(2) 1 (2) 1 (2) 10
0 NT 0 0 T NT 0 NT

0 0

1
2

(2) 1 (2) 1 (2) 10
0 NT 0 0 T NT 0 NT

0 0

(2) 1 1 (2) 1
0 NT 0 0 0 NT

|
'

2 ' 2 ( ) '( ) 2 '
'

' ( ) '( ) '
'

( ' ) ' ,

ab
ab

a b

ab
ab

a b





 



  






  




  

 
     

  

 
   

  

 





θ θ s σ
s

Δ Γ Δ σ σ Γ Δ Γ
θ θ

Δ Γ Δ σ σ Γ Δ Γ
θ θ

Δ Γ Δ A Δ Γ

where times of( )k
k

    x x x x ;

2
0

2
T( ') 





θ

σ and

3
0

3
T( ') 





θ

σ are also

given by the formulas of partial derivatives in implicit functions (Ogasawara,
2007, Equations (17) and (19); 2009, Equation (3.16)). Note that when
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T 0σ σ , 0 A O (a zero matrix).

1/2

1

(2) 2 (3) 3 2
0 0 0 0 0 0 0

2
20 0

0 0 T 0 T2
T T( )

2 3
(2) 30 0
0 T 0 T3

T T
( ) (A)

1 1ˆ ˆ ˆˆ ( ) ( ) ( ) ( )
2 6

1
( ) ( )

' 2 ( ')

1 1
( ) ( )

2 ' 6 ( ')

1

2

p

p

p

O n

O n

O n





    

 

 

 

 

 

       

   
         

  
         



σ σ Δ θ θ Δ θ θ Δ θ θ

θ θ
σ Δ s σ Δ s σ

σ σ

θ θ
Δ s σ Δ s σ

σ σ

3/2

2
(2) 20 0
0 T T2

T T

3

(3) 20
0 T

T
(A) ( )

( ) ( )
' ( ')

1
( ) ( )

6 '
p

p

O n

O n



 

 

 



     
      

     

  
      

θ θ
Δ s σ s σ

σ σ

θ
Δ s σ

σ

(1) (2) 2 (3) 3 2
0 0 T 0 T 0 T

22
(1) (2) (2)0 0 0
0 0 0 0 02

T T T

33 2
(3) (2) (3)0 0 0 0
0 0 0 03 2

T T T T

( ) ( ) ( ) ( ),

1 1
, ,

' 2 ( ') 2 '

1 1 1

6 ( ') 2 ' ( ') 6 '

pO n    

 

 

 

   

       

   
    

   

      
      

      

σ Λ s σ Λ s σ Λ s σ

θ θ θ
Λ Δ Λ Δ Δ

σ σ σ

θ θ θ θ
Λ Δ Δ Δ

σ σ σ σ
,

where
(A) (A)

[ ] is for ease of finding correspondence.

1
NTG NGLS NT, NGLS

NGLS NGLS NGLS NTG

NT,

( ) ( ) 1
NTG NGLS NT NGLS

in minimizes

ˆˆ ˆLS ( ) ' ( ),

ˆ ˆˆ ( ) LS ,

ˆ 2 ( ) ',

ˆ ˆEPLS E E {( ) ' ( )}.

p p

g g



 



  



 

  

s

s

t s

s σ W s σ

θ σ σ θ

W D S S D

t σ W t σ
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cumulants, whose element (4) ,( )ab cdΚ corresponds to that of observable
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The bias corrections in NTG NTGALS , TLS and NTGCALS are valid

only when a structural model is true i.e., T 0σ σ .
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Under normality and T 0σ σ ,
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where NGLS
ˆS Σ . The values of (s1.1.8) and (s1.1.9) are the same up to order

1( )O n
while the absolute value of (s1.1.9) is larger than that of (s1.1.8) when

n is sufficiently large.

S1.2 NTG* NTG*ALS , TLS , and NTG*CALS by NT-GLS* when
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(M) (M)
NT NT , NGLS*, NGLS*,

ˆ ˆ ˆ ˆ ˆ( ( )ab cd ac bd  sW Γ Γ

NGLS*, NGLS*,
ˆ ˆ ; 1; 1)ad bc p a b p c d        for covariance

structures

S1.2.1 Definition
(M) 1

NTG* NGLS* NT NGLS*

1 1
NGLS* NGLS* NGLS* NGLS*

1 2
NGLS* NGLS*

ˆˆ ˆLS ( ) ' ( )

ˆ ˆ ˆ ˆ(1 / 2)vec '( )( )vec( )

ˆ ˆ(1 / 2)tr[{ ( )} ].



 



  

   

 

s σ Γ s σ

S Σ Σ Σ S Σ

Σ S Σ

S1.2.2 Bias of NTG*LS under possible non-normality and T 0σ σ

The case T 0 (1)O σ σ is not dealt with in this subsection. Define
( )

NTG* NTG*ELS E (LS )g s
. Then,

NTG* NTG

( ) (2) 1
T NT NGLS* T

( ) (M) 1 (2) 1
NGLS* NT NT NGLS*

ELS EPLS

ˆ2E {( ) ' ( )}

ˆˆ ˆ+E {( ) '( )( )},

g

g



 



   

  

s

s

s σ Γ σ σ

s σ Γ Γ s σ
(s1.2.1)

where NTGEPLS is as before and the first term on the right-hand side of

(s1.2.1) is given as in (s1.1.2). The second term on the right-hand side of
(s1.2.1) is

( ) (M) 1 (2) 1
NGLS* NT NT NGLS*

( )
T NGLS* 0

1 1 1 1
NGLS* NGLS* T T T NGLS* 0

ˆˆ ˆE {( ) '( )( )}

ˆE [(1 / 2)vec'{ ( )}

ˆ ˆ ˆ( )vec{ ( )},

g

g

 

   

  

   

      

s

s

s σ Γ Γ s σ

S Σ Σ Σ

Σ Σ Σ Σ S Σ Σ Σ
(s1.2.2)

where
1 1 1 1

NGLS* NGLS* T T

2 1 1 1
T T NGLS* T Tsym

2 1 1 1 1
T T NGLS* T T NGLS* T Tsym

1 1 1 1 3/2
T NGLS* T T T NGLS* T T

ˆ ˆ

ˆ{ ( ) }

ˆ ˆ{ ( ) ( ) }

ˆ ˆ{ ( ) } ( ) } ( )pO n

   

  

   

    

  

   

   

    





Σ Σ Σ Σ

Σ Σ Σ Σ Σ

Σ Σ Σ Σ Σ Σ Σ Σ

Σ Σ Σ Σ Σ Σ Σ Σ
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2 1 1 1 (1)
T T T 0 Tsym , 1

2 1 1 1 (2) 2
T T T 0 Tsym , 1

(A)

2 1 1 1 1
T T T Tsym , 1 , 1

(1) (1)
0 T 0 T

{ ( ) ( ) ( ) ( )}

[ { ( ) ( ) ( ) ( ) }

{ ( ) ( ) ( )

( ) ( )( ) ( )}

{ (

p

a b aba b

p

a b aba b

p p

a bc da b c d

ab cd

  



    



   

 

   

   

 

  



 

 

  

Σ Σ Σ Λ s σ

Σ Σ Σ Λ s σ

Σ Σ Σ Σ

Λ s σ Λ s σ

  

  

 

 

1/2 1

1 1 (1)
T T 0 T, 1

1 1 (1) 3/2
T T 0 T, 1

(A)

*(1) *(2) 3/2

( ) ( )

) ( ) ( ) ( )}

{ ( ) ( ) ( ) ( )} ] ( )

( ) ( ) ( ),
p p

p

a b aba b

p

c d cd pc d

pO n O n

O n

O n 

 



  







  

  





Σ Σ Λ s σ

Σ Σ Λ s σ

M M

  

  

and ( ) a  is the a-th column of a matrix with other similar notations defined

similarly. Noting that

T NGLS* 0

T NGLS* T

(1) (2) 2 3/2
T 0 T 0 T

(1) (2) 2 3/2
0 T 0 T

ˆvec{ ( )}

ˆvec{ ( )}

{ ( ) ( ) } ( )

( )( ) ( ) ( ),

p p

p p p p

O n

O n

  

  

  

   

      

     

S Σ Σ Σ

S Σ Σ Σ

D s σ Λ s σ Λ s σ

D D Λ s σ D Λ s σ

(s1.2.2) becomes

2

2

( ) (M) 1 (2) 1
NGLS* NT NT NGLS*

2 2 ( ) (1) *(1) *(2)
T 0

(1)
0 T ( )

2 ( ) 2 (2) *(1) (1)
T 0 0 T ( )

3

ˆˆ ˆE {( ) '( )( )}

[(1/ 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) ' ( )( )} ]

( ).

g

g p p

p p O n

g p p p O n

n n

n

O n





 





 





  

   

  

   



s

s

s

s σ Γ Γ s σ

s σ D D Λ M M

D D Λ s σ

s σ D Λ M D D Λ s σ

(i) Under non-normality and T 0σ σ
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NTG* NTG

1 (2) 1 (1) (2)
NT 0 0

2 (2) 1 (1) (2) 1 (2) (3)
NT 0 (4) NT 0 0

(A)

(2) 1 (3) (2) (2)
NT 0 0 0

2 ( ) (1) *(1) *(2)
T 0

(1)
0

ELS EPLS

{ 2tr( )}

[ 2tr( ) 2tr( )

6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )(

g p p

p p

n

n

n

 

  





 

 

 

   

  

s

Γ Λ Γ

Γ Λ Κ Γ Λ Γ

Γ Λ Γ Γ

s σ D D Λ M M

D D Λ s σ 2

2

T ( )

2 ( ) 2 (2) *(1) (1)
T 0 0 T ( )

(A)

3

)}

E {( ) '( ) ' ( )( )} ]

( ).

O n

g p p p O n
n

O n







 





   



s s σ D Λ M D D Λ s σ

(ii) Under normality and T 0σ σ

2

NTG* NTG

1

2 (2) 1 (2) (3) (2) 1 (3) (2) (2)
NT 0 NT NT 0 NT NT

(A)

2 ( ) (1) *(1) *(2)
T 0

(1)
0 T ( )

ELS EPLS

( 2 )

[ 2tr( ) 6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )( )}

f p p

p p O n

n q

n

n





  





 

   

   

  

s

Γ Λ Γ Γ Λ Γ Γ

s σ D D Λ M M

D D Λ s σ

2

2 ( ) 2 (2) *(1) (1)
T 0 0 T ( )

(A)

3

E {( ) '( ) ' ( )( )} ]

( ).

f p p p O n
n

O n



 





   



s s σ D Λ M D D Λ s σ

S1.2.3 Bias correction of NTG*LS

Recall that
(M) 1

NTG* NGLS* NT NGLS*

1 1
NGLS* NGLS* NGLS* NGLS*

1 2
NGLS* NGLS*

ˆˆ ˆLS ( ) ' ( )

ˆ ˆ ˆ ˆ(1 / 2)vec '( )( )vec( )

ˆ ˆ(1 / 2)tr[{ ( )} ].



 



  

   

 

s σ Γ s σ

S Σ Σ Σ S Σ

Σ S Σ

Define
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1
NTG* NTG*

1 (M) 1 (1) (2)
NTG* NTG* NT

1 (M) 1 1 (M) 1 (2) (M) 1
NTG* NT NT NT

ALS LS 2 ,

ˆˆ ˆTLS LS 2tr( )

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆLS 2tr{( ' ) ' }

n q

n

n



 

    

 

 

 

Γ Λ Γ

ΔΓ Δ ΔΓ Γ Γ Δ

and





2

1
NTG* NTG*

2 (M) 1 (2) (M3) (M) 1 (3) (M) (M)
NT NT NT NT NT

2 ( ) (1) *(1) *(2)
T 0

(1)
0 T ( )

2 ( ) 2 (2) *
T 0

CALS LS 2

ˆ ˆˆ ˆ ˆ ˆ ˆ[2tr( ) 6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) '

f p p

p p O n

f p

n q

n

n

n





  



 

 

  

   

  

 

s

s

Γ Λ Γ Γ Λ Γ Γ

s σ D D Λ M M

D D Λ s σ

s σ D Λ M 2

(1) (1)
0 T ( )

( )( )} ],p p O n
 D D Λ s σ

where estimated values are given by NGLS*θ̂ , and
(M3)
NTΓ̂ is defined using

NGLS*θ̂ as for
(M)
NTΓ̂ .

All the corrections in NTG* NTG*ALS , TLS and NTG*CALS are valid

only when T 0σ σ .

Under normality and T 0σ σ ,
2

NTG* NTGE (ALS ) EPLS ( )f O n 

and
3

NTG* NTGE (CALS ) EPLS ( )f O n  .

Under non-normality and T 0σ σ ,
2

NTG* NTGE (TLS ) EPLS ( )g O n  .

S1.3 STLS by SLS when ˆ 2 {Diag( ) Diag( ))} 'p p
  sW D S S D for

covariance structures

S1.3.1 Definition
1

S SLS SLS SLS

1 1
SLS SLS

1 2
SLS

ˆˆ ˆLS ( ) ' ( )

ˆ ˆ( ) '(1 / 2) '{Diag ( ) Diag ( )} ( )

ˆ(1 / 2)tr[{Diag ( )( )} ],

p p



 



  

   

 

s σ W s σ

s σ D S S D s σ

S S Σ

where
1 1Diag ( ) {Diag( )} S S . Note that
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SLS T T2 {Diag( ) Diag( ))} 'p p
  W D Σ Σ D .

S1.3.2 Bias of SLS
( ) ( )

S SLS

1 1
T T SLS

( )
S S

( ) 1
S S T SLS SLS T

( ) 1 1
SLS SLS SLS SLS

ˆEPLS E E [( ) '

ˆ(1 / 2) '{Diag ( ) Diag ( )} ( )],

ELS E (LS ),

ˆELS EPLS 2E {( ) ' ( )}

ˆˆ ˆE {( ) '( ) '( )}.

g g

p p

g

g

g

 



 

 

  



    

   

t s

s

s

s

t σ

D Σ Σ D t σ

s σ W σ σ

s σ W W s σ

(s1.3.1)

The first term on the right-hand side of the last equation of (s1.3.1) is

1 2

2

( ) 1
T SLS SLS T

( ) 1
T SLS SLS 0

( ) 1 (1)
SLS 0 T T ( ) ( )

( ) 1 (2) 2
SLS 0 T T ( )

( ) 1 (3) 3
SLS 0 T T

ˆ2E {( ) ' ( )}

ˆ2E {( ) ' ( )}

2E [tr{ ( )( ) '}]

2E [tr{ ( ) ( ) '}]

2E [tr{ ( ) (

g

g

g O n O n

g O n

g

 









 

  



  

  

   

   

  

  

s

s

s

s

s

s σ W σ σ

s σ W σ σ

W Λ s σ s σ

W Λ s σ s σ

W Λ s σ s σ 2

1

2

( )

1 1 (1) (2)
SLS 0 0 ( )

2 1 (1) 2 1 (2) (3)
SLS 0 (4) SLS 0 0

(A)

2 1 (3) (2) (2) 3
SLS 0 0 0

(A) ( )

) '}]

{ 2tr( )}

[ 2tr( ) 2tr( )

6tr[ {vec( ) }] ] ( ).

O n

O n

O n

n

n n

n O n









 

   

  

 

 

  

W Λ Γ

W Λ Κ W Λ Γ

W Λ Γ Γ

(s1.3.2)

The term of order
1( )O n

in (s1.3.2) is
1 1 (1) (2)

SLS 0 0

1 1 1 1 1 (2)
SLS 0 0 SLS 0 D0 0 SLS 0

1 1 1 1 (2) 1
0 SLS 0 D0 0 SLS 0 SLS 0

2tr( )

2tr{ ( ' + ) ' }

= 2tr{( ' + ) ' },

n

n

n

 

    

    



 



W Λ Γ

W Δ Δ W Δ A Δ W Γ

Δ W Δ A Δ W Γ W Δ

which is not equal to
12n q even under normality and T 0σ σ i.e.,

D0 A O with
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2
1 0

D0 0 T SLS

0 0

2
1 0

0 T SLS ,

0 0

( ) '( )
'

( ) ( )
'

ab
ab

a b

ab
ab ab ab

a b














 

 


 

 





A σ σ W
θ θ

σ σ W
θ θ



since SLSW is diagonal.

The second term on the right-hand side of the last equation of (s1.3.1) is
( ) 1 1

SLS SLS SLS SLS

( ) 1 1
SLS

1 1
T T SLS

ˆˆ ˆE {( ) '( )( )}

ˆE {(1 / 2)vec '( ){Diag ( ) Diag ( )

ˆDiag ( ) Diag ( )}vec( )}.

g

g

 

 

 

  

  

  

s

s

s σ W W s σ

S Σ S S

Σ Σ S Σ
(s1.3.3)

Let D TDiag( ) Diag( ) M S Σ . Then,

1/2

1 1 2 3 2
T T D T D

4 3 5 4 5/2
T D T D

1 1 1 1
T T

2 1 2
T T Dsym ( )

2 2 1
T D T

Diag ( ) Diag ( ) Diag ( ) Diag ( )

Diag ( ) Diag ( ) ( ),

Diag ( ) Diag ( ) Diag ( ) Diag ( )

[ Diag ( ) {Diag ( ) }]

[{Diag ( ) } Diag ( )

p

p

O n

O n



   

  

   

 

   

  

  

  

  

 



S Σ Σ M Σ M

Σ M Σ M

S S Σ Σ

Σ Σ M

Σ M Σ
1

3/2

2 3 2
T Dsym ( )

2 1 4 3
T T Dsym

2 2 3 2
T D T D ( )sym

2 1 5 4
T T Dsym

3 2 2
T D

2 2 4 3
T D T Dsym

{Diag ( ) }]

[ Diag ( ) {Diag ( ) }

{Diag ( ) } {Diag ( ) }]

[ Diag ( ) {Diag ( ) }

{Diag ( ) }

{Diag ( ) } {Diag ( ) }]

p

p

p

O n

O n

O







 

 

 

  

 



  

 

 



 











Σ M

Σ Σ M

Σ M Σ M

Σ Σ M

Σ M

Σ M Σ M 2

1/2 1 3/2 2

5/2

( )

(1) (2) (3) (4) 5/2
D D D D( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( ).
p p p p

pn

pO n O n O n O n

O n

O n



   







    M M M M

Consequently, (s1.3.3) becomes
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2

( )
T SLS 0 T 0

(1) (2) (3) (4)
D D D D

3
T SLS 0 T 0 ( )

T 0

ˆE [(1 / 2)vec '{ ( ) }

( )

ˆvec{ ( ) ] ( )

( (1)).

g

O n
O n

O







    

   

      

 

s S Σ Σ Σ Σ Σ

M M M M

S Σ Σ Σ Σ Σ

Σ Σ

As in (s1.1.5) and (s1.1.6), the term of order
1( )O n

in (s1.3.3) is

1

1

1 ( ) (2)
T 0 D T 0( )

( ) (1) (1)
T 0 D 0 T ( )

[(1 / 2)vec'( ) E ( ) vec( )

vec'( ) E { ( )( )} ],

g O n

g p p O n

n n

n











 

   

s

s

Σ Σ M Σ Σ

Σ Σ M D D Λ s σ

which becomes zero when T 0σ σ .

The term of order
2( )O n

in (s1.3.3) is

1

2

2

2 2 ( ) (2) ( ) (2)
T 0 D D ( )

(A)

(3) (3)
D D T 0( )

2 ( ) (2) (3)
T 0 D D

(1)
0 T ( )

[ (1 / 2)vec'( ) E { E ( )

} vec( )

vec'( ) E {( )

( )( )}

g g O n

O n

g

p p O n

n n

n















 

  

  

  

s s

s

Σ Σ M M

M M Σ Σ

Σ Σ M M

D D Λ s σ

2

2

2 ( ) (1) (2) 2 (1) (3) 3
T 0 D 0 T D 0 T

(2) (2) 2
D 0 T ( )

2 ( ) (1) (1) (2)
T 0 D D

(1)
0 T ( )

2 ( ) 2 (2) (
T 0 D

vec'( ) E {( ( ) ( )

( ) }

(1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) '

g p p

p O n

g p p

p p O n

g p

n

n

n





   

 





 

    

 

   

  

 

s

s

s

Σ Σ M D Λ s σ M D Λ s σ

M D Λ s σ

s σ D D Λ M M

D D Λ s σ

s σ D Λ M 2

1) (1)
0 T ( )

(A)

( )( )} ] .p p O n
 D D Λ s σ

When T 0σ σ , the above becomes

2

2

2 2 ( ) (1) (1) (2)
T 0 D D

(A)

(1)
0 T ( )

2 ( ) 2 (2) (1) (1)
T 0 D 0 T ( )

(A)

[ (1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) ' ( )( )} ] .

g p p

p p O n

g p p p O n

n n

n









 



  

  

   

s

s

s σ D D Λ M M

D D Λ s σ

s σ D Λ M D D Λ s σ
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1

1

S S

1 1 (1) (2)
SLS 0 0

( ) (2)
T 0 D T 0( )

( ) (1) (1)
T 0 D 0 T ( )

2 1 (1) 1 (2) (3)
SLS 0 (4) SLS 0 0

(A)

1 (3
SLS 0

ELS EPLS

[ 2tr( )

(1 / 2)vec'( ) E ( ) vec( )

vec'( ) E { ( )( )} ]

[ 2tr( ) 2tr( )

6tr[

g O n

g p p O n

n

n

n

n





 





  





 

  

   

 



s

s

W Λ Γ

Σ Σ M Σ Σ

Σ Σ M D D Λ s σ

W Λ Κ W Λ Γ

W Λ ) (2) (2)
0 0{vec( ) }]Γ Γ

(s1.3.4)

1

2

2

2 ( ) (2) ( ) (2)
T 0 D D ( )

(3) (4)
D D T 0( )

2 ( ) (2) (3)
T 0 D D

(1)
0 T ( )

(1 / 2)vec'( ) E { E ( )

} vec( )

vec'( ) E {( )

( )( )}

g g O n

O n

g

p p O n

n

n













  

  

  

  

s s

s

Σ Σ M M

M M Σ Σ

Σ Σ M M

D D Λ s σ

2

2

2 ( ) (1) (2) 2 (1) (3) 3
T 0 D 0 T D 0 T

(2) (2) 2
D 0 T ( )

2 ( ) (1) (1) (2)
T 0 D D

(1)
0 T ( )

2 ( ) 2 (2) (
T 0 D

vec'( ) E {( ( ) ( )

( ) }

(1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) '

g p p

p O n

g p p

p p O n

g p

n

n

n





   

 





 

    

 

   

  

 

s

s

s

Σ Σ M D Λ s σ M D Λ s σ

M D Λ s σ

s σ D D Λ M M

D D Λ s σ

s σ D Λ M 2

1) (1)
0 T ( )

(A)

3

( )( )} ]

( ).

p p O n

O n





 



D D Λ s σ

(i) Even under normality, when T 0 (1)O σ σ , the term of order
1( )O n

in

(s1.3.4) is not equal to
12n q though

(2) (2)
0 NTΓ Γ .

(ii) Under non-normality and T 0σ σ ,
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2

S S

1 1 (1) (2)
SLS 0 0

2 1 (1) 1 (2) (3)
SLS 0 (4) SLS 0 0

(A)

1 (3) (2) (2)
SLS 0 0 0

2 ( ) (1) (1) (2)
T 0 D D

(1)
0 T ( )

2

ELS EPLS

{ 2tr( )}

[ 2tr( ) 2tr( )

6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )( )}

g p p

p p O n

n

n

n

n



 

  







 

 

 

   

  



s

W Λ Γ

W Λ Κ W Λ Γ

W Λ Γ Γ

s σ D D Λ M M

D D Λ s σ

2

( ) 2 (2) (1) (1)
T 0 D 0 T ( )

(A)

3

E {( ) '( ) ' ( )( )} ]

( ).

g p p p O n

O n



 





  



s s σ D Λ M D D Λ s σ

(iii) Under normality and T 0σ σ , the term with (4)Κ vanishes and
( )
0

jΓ

becomes
( )
NT ( 2, 3)j j Γ . Then,

2

S S

1 1 (1) (2)
SLS 0 NT

2 1 (2) (3) 1 (3) (2) (2)
SLS 0 NT SLS 0 NT NT

(A)

2 ( ) (1) (1) (2)
T 0 D D

(1)
0 T ( )

2 ( ) 2
T

ELS EPLS

{ 2tr( )}

[ 2tr( ) 6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '

f p p

p p O n

f

n

n

n

n



 

  



 



 

   

   

  

 

s

s

W Λ Γ

W Λ Γ W Λ Γ Γ

s σ D D Λ M M

D D Λ s σ

s σ 2

(2) (1) (1)
0 D 0 T ( )

(A)

3

( ) ' ( )( )} ]

( ).

p p p O n

O n





 



D Λ M D D Λ s σ

S1.3.3 Bias correction of SLS

Recall that
1 1

S SLS SLS

1 2
SLS SLS

ˆ ˆLS ( ) '(1 / 2) '{Diag ( ) Diag ( )} ( )

ˆ ˆ(1 / 2)tr[{ ( )} ].

p p
 



   

 

s σ D S S D s σ

Σ S Σ

Define
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1 1 (1) (2)
S S SLS

1 1 1 1 (2) 1
S SLS SLS SLS

ˆˆ ˆTLS LS 2tr( )

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆLS 2tr{( ' ) ' }.

n

n

 

    

 

 

W Λ Γ

ΔW Δ ΔW Γ W Δ

Note that SALS is not defined and DÂ is not used in STLS since

T 0σ σ is assumed in STLS .

Under normality and T 0σ σ ,
2

S SE (TLS ) EPLS ( )f O n  .

Under non-normality and T 0σ σ ,
2

S SE (TLS ) EPLS ( )g O n  .

S1.4 ADFGALS and ADFGCALS when
(2)

ADF
ˆ ˆ acov ( )n sW Γ s by

ADF-GLS for covariance structures

Note that


ADF ,{ acov ( )} ( 1; 1)ab cd abcd ab cdn s s s p a b p c d       s

In this subsection, T 0σ σ is assumed under possible non-normality.

S1.4.1 Definition
(2) 1 ( )

ADFG AGLS AGLS ADFG ADFG
ˆˆ ˆLS ( ) ' ( ), ELS E (LS )g

    ss σ Γ s σ

and
( ) ( ) (2) 1

ADFG AGLS 0 AGLS
ˆ ˆEPLS E E {( ) ' ( )}g g

  t s t σ Γ t σ .

S1.4.2 Bias of ADFGLS
( ) (2) 1

ADFG ADFG T 0 AGLS T

( ) (2) 1 (2) 1
AGLS 0 AGLS

ˆELS EPLS 2E {( ) ' ( )}

ˆˆ ˆE {( ) '( )( )}.

g

g



 

    

   

s

s

s σ Γ σ σ

s σ Γ Γ s σ (s1.4.1)

The first term on the right-hand side of (s1.4.1) is

1 2

2

( ) (2) 1
T 0 AGLS T

( ) (2) 1
T 0 AGLS 0

( ) (2) 1 (1)
0 0 T T ( ) ( )

( ) (2) 1 (2) 2
0 0 T T ( )

( ) (2) 1 (3)
0 0 T

ˆ2E {( ) ' ( )}

ˆ2E {( ) ' ( )}

2E [tr{ ( )( ) '}]

2E [tr{ ( ) ( ) '}]

2E [tr{ ( )

g

g

g O n O n

g O n

g

 









 

  



 

  

   

   

  

 

s

s

s

s

s

s σ Γ σ σ

s σ Γ σ σ

Γ Λ s σ s σ

Γ Λ s σ s σ

Γ Λ s σ 2

3 3
T ( )

( ) '}] ( )
O n

O n

 


 s σ

(s1.4.2)
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1

2

1 (2) 1 (1) (2)
0 0 0 ( )

2 (2) 1 (1) 2 (2) 1 (2) (3)
0 0 (4) 0 0 0

(A)

2 (2) 1 (3) (2) (2) 3
0 0 0 0

(A) ( )

{ 2tr( )}

[ 2tr( ) 2tr( )

6tr[ {vec( ) }] ] ( ).

O n

O n

n

n n

n O n





 

   

  

 

 

  

Γ Λ Γ

Γ Λ Κ Γ Λ Γ

Γ Λ Γ Γ

The term of order
1( )O n

for (s1.4.2) is
1 (2) 1 (1) (2) 1 (1)

0 0 0 0

1 (2) 1 1 (2) 1
0 0 0 0 0 0

1

2tr( ) 2tr( )

2tr{ ( ' ) ' }

2 ,

n n

n

n q

  

   



  

 

 

Γ Λ Γ Λ

Δ Δ Γ Δ Δ Γ

which holds under possible non-normality. Note that there is no sample

counterpart of 0A due to the assumption T 0σ σ .

In the second term
( ) (2) 1 (2) 1

AGLS 0 AGLS
ˆˆ ˆE {( ) '( )( )}g

   s s σ Γ Γ s σ on the

right-hand side of (s1.4.1), we have

1/2

(2) 1 (2) 1 (2) 1 (2) 1
0 0 0 T

T T T T ( )

(2) 1 (2) 1
0 0 T T

(A)

(2) 1 (2) 1
0 0 ,

ˆ [ ( ) ( ) {

( ) ( ) }]

[ ( ) ( ) ( )( )

( ) ( )

p

ab cd abcd abcd
a b c d

ab ab cd cd cd ab O n

ab cd ab ab cd cd
a b c d

ab cd ef
c d e f g h

s

s s

s s



   

 



   

 

 

 

 

  

   

   

  









Γ Γ Γ Γ

Γ Γ

Γ Γ

 

 



1

1/2 1

(2) 1
0

T T T T T

T T T T T
(A) ( )

3/2

(1) (2) 3/2
ADF ADF( ) ( )

( )

{ ( ) ( ) }

{ ( ) ( ) } ]

( )

( ) ( ) ( ).

p

p p

gh
a b

abcd abcd ab ab cd cd cd ab

efgh efgh ef ef gh gh gh ef
O n

p

pO n O n

s s s

s s s

O n

O n

    

    


 









     

     



  

 Γ

M M



Then, the second term on the right-hand side of (s1.4.1) is



28

2

( ) (2) 1 (2) 1
AGLS 0 AGLS

( ) (1) (2) 3/2
T AGLS 0 ADF ADF

T AGLS 0

2 2 ( ) (1) (1) (2)
T ( *) 0 ADF ADF

(1)
( *) 0 T ( )

ˆˆ ˆE {( ) '( )( )}

ˆE [{ ( )}'{ ( )}

ˆ{ ( )}]

[ E {( ) '( ) '( )

( )( )}

2

g

g p

g p

p O n

O n

n n

n



 







  

     

   

   

  



s

s

s

s σ Γ Γ s σ

s σ σ σ M M

s σ σ σ

s σ I Λ M M

I Λ s σ

2

2 ( ) 2 (2) (1) (1)
T 0 ADF ( *) 0 T ( )

3

E {( ) ' ' ( )( )} ]

( ),

g p O n

O n



 





  



s s σ Λ M I Λ s σ

(s1.4.3)

where
( )
ADF ( 1, 2)j j M are

* *p p matrices rather than
2 2p p shown

earlier.
In (s1.4.3), the following results are required:

1

( )
T T ( )

4

T T T T T

E {( )( )}g abcd abcd ef ef O n

abcdef abcd ef aef bcd

n s s 

    


 

  

s

(Ogasawara, 2010, Subsection 1.2),

1

( )
T T ( )

4

T T T T T

16

T T T T T

E {( )( )}

( )

g abcd abcd efgh efgh O n

abcdefgh abcde fgh efgha bcd

abcd efgh bcd fgh ae

n s s 

    

    


 

  

 





s

(Ogasawara, 2010, Subsection 1.3)
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2

2 ( )
T T T ( )

T T T T T

4

T T T T T T

4

T T T T T T T

4

T T T T

E {( )( ))( )}

( )

( )

5 6

(

g abcd abcd ef ef gh gh O n

abcdefgh abcdef gh abcdgh ef

bcdef agh bcdgh aef aefgh bcd

abcde fgh abcd efgh abcd ef gh

aef gh agh e

n s s s  

    

     

      

   


  

  

  

  

 







s

4 2

T

4

T T T T T T T T T

6

T T T T T T T T T T

T T T T T

3

T T T T T

)

( )

{( ) ( )

( ) }

2 ( )

f bcd

ag efh ah efg ae ghf af ghe bcd

C

aef bgh agh bef cd acd bgh agh bcd ef

acd bef aef bcd gh

ab cd efgh ef gh



        

         

    

    



   

   

 

 






(Ogasawara, 2010, Subsection 2.1).

Then,

2

ADFG ADFG

1 2 (2) 1 (1) (2) 1 (2) (3)
0 0 (4) 0 0 0

(A)

(2) 1 (3) (2) (2)
0 0 0 0

2 ( ) (1) (1) (2)
T ( *) 0 ADF ADF

(1)
( *) 0 T ( )

2 ( )

ELS EPLS

( 2 ) [ 2tr( ) 2tr( )

6tr[ {vec( ) }]

E {( ) '( ) '( )

( )( )}

2 E {(

g p

p O n

g

n q n

n

n



   







   

 

   

  



s

s

Γ Λ Κ Γ Λ Γ

Γ Λ Γ Γ

s σ I Λ M M

I Λ s σ

s 2

2 (2) (1) (1)
T 0 ADF ( *) 0 T ( )

(A)

3

) ' ' ( )( )} ]

( ),

p O n

O n



 





  



σ Λ M I Λ s σ

(s1.4.4)

which holds under possible non-normality and T 0σ σ . Under normality, the
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term with (4)Κ vanishes and
( )
0

jΓ becomes
( )
NT ( 2, 3)j j Γ .

S1.4.3 Bias correction of ADFGLS

Recall that
(2) 1

ADFG AGLS AGLS
ˆˆ ˆLS ( ) ' ( )  s σ Γ s σ . Define

1
ADFG ADFGALS LS 2n q  (note that ADFGTLS is unnecessary) and





2

ADFG

1 2 (2) 1 (1) (2) 1 (2) (3)
ADFG (4)

(A)

(2) 1 (3) (2) (2)

2 ( ) (1) (1) (2)
T ( *) 0 ADF ADF

(1)
( *) 0 T ( )

2 ( )

CALS

ˆ ˆˆ ˆ ˆ ˆLS 2 [ 2tr( ) 2tr( )

ˆˆ ˆ ˆ6tr[( {vec( ) }]

E {( ) '( ) '( )

( )( )}

2 E {(

g p

p O n

g

n q n

n

n



   





   

 

   

  

 

s

s

Γ Λ Κ Γ Λ Γ

Γ Λ Γ Γ

s σ I Λ M M

I Λ s σ

s σ 2

2 (2) (1) (1)
T 0 ADF ( *) 0 T ( )

(A)

) ' ' ( )( )} ] .p O n
 


 Λ M I Λ s σ

Under possible non-normality and T 0σ σ , we have
2

ADFG ADFGE (ALS ) EPLS ( )g O n 

and
3

ADFG ADFGE (CALS ) EPLS ( )g O n  .

S1.5 ADFGALSρ by ADF-GLS using
(2)

ADF
ˆ acov ( )nρΓ r for

correlation structures

S1.5.1 Definition

Define
(2) 1

ADFG AGLS AAGGLLSS
ˆˆ ˆLS ( ) ' ( )  ρ ρr ρ Γ r ρ , where vb( )r R is

a
2{( ) / 2} 1p p  vector, vb( ) is the vectorizing operator taking the

off-diagonal elements below the main diagonals in a symmetric matrix,

0 0vb( ), vb( ) ρ Ρ ρ Ρ and 0 0( ) ρΡ P θ is the population correlation

matrix given by a structural correlation model.
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(2)
,

1/2

ˆ( ) (1 / 4) ( )

(1 / 2) ( ) (1 / 2) ( ),

/ ( ) ( 1; 1).

ab cd abcd ab cd aacc bbcc aadd bbdd

ab aacd bbcd cd abcc abdd

abcd abcd aa bb cc dd

r r r r r r r

r r r r r r

r s s s s s p a b p c d

    

   

      

ρΓ

(2)
ADFacov ( )nρΓ r was given by Isserlis (1916, Equation (21)), Hsu, 1949,

Equation (79)) and Steiger and Hakstian (1982, Equation (3.4)) (see also
Steiger & Hakstian, 1983; Ogasawara, 2002, 2008).

Define
( *) ( ) * (2) 1 *

ADFG AGLS AAGGLLSS
ˆ ˆEPLS E E {( ) ' ( )}g g

  r r
ρ ρr ρ Γ r ρ , where

*r is an independent copy of r. Let TΡ be the true population correlation

matrix. In this subsection, T 0ρ ρ is assumed with T Tvb( )ρ Ρ .

S1.5.2 Bias of ADFGLSρ

Let
0

0
'





ρ

ρ

ρ
Δ

θ , then

1

ADFG ADFG

( ) (2) 1
T AAGGLLSS T

( ) (2) 1 (2) 1
AGLS AGLS

( ) (2) 1 2
T AAGGLLSS T ( )

E (LS ) EPLS

ˆ2E {( ) ' ( )}

ˆˆ ˆE {( ) '( )( )}

ˆ2E {( ) ' ( )} ( )

g

g

g

g O n
O n



 

 





   

   

    

ρ ρ

r
ρ

r
ρ ρ

r
ρ

r ρ Γ ρ ρ

r ρ Γ Γ r ρ

r ρ Γ ρ ρ

1 (2) 1 (2) 1 1 (2) 1 2
0 0 0 0 ADF

1 (2) 1 1 (2) 1 2
0 0 0 0

1 2

2{ ( ' ) ' acov ( )} ( )

2{( ' ) ' } ( )

2 ( ),

n n O n

n O n

n q O n

     

    

 

  

  

  

ρ ρ ρ ρ ρ ρ ρ

ρ ρ ρ ρ ρ ρ

Γ Δ Δ Γ Δ Δ Γ r

Δ Γ Δ Δ Γ Δ

which holds under possible non-normality.

S1.5.3 Bias correction of ADFGLSρ

Recall that
(2) 1

ADFG AGLS AAGGLLSS
ˆˆ ˆLS ( ) ' ( )  ρ ρr ρ Γ r ρ . Define

1
ADFG ADFGALS LS 2n q ρ ρ ( ADFGTLSρ is unnecessary while

ADFGCALSρ can be defined but not given here). Then,
( ) 2

ADFG ADFGE (ALS ) EPLS ( )g O n r
ρ ρ
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holds under possible non-normality and T 0ρ ρ .

S1.6 NTGALSρ by NT-GLS using
(2)

NT NT
ˆ acov ( )nρΓ r for correlation

structures

S1.6.1 Definition
(2) 1

NTG NGLS NT NGLS
ˆˆ ˆLS ( ) ' ( )  ρ ρr ρ Γ r ρ , where

(2) 2 2 2 2
NT ,

ˆ( ) (1/ 2) ( )

( ) ( )

( 1; 1),

ab cd ab cd ac ad bc bd ac bd ad bc

ab bc bd ac ad cd bc ac bd ad

r r r r r r r r r r

r r r r r r r r r r

p a b p c d

     

   

     

ρΓ

(2)
NT NTacov ( )nρΓ r was given by Pearson and Filon (1898, Equation (xl.)),

Girshick (1939, Equation (3.23)), Hsu (1949, p.400), Olkin and Siotani (1976,
Equation (3.1)) and Steiger and Hakstian (1982, Equation (4.2)) (see also
Ogasawara, 2002, 2008).

In this subsection, T 0ρ ρ is assumed.

S1.6.2 Bias of NTGLSρ

1

NTG NTG

( ) (2) 1
T NT NGLS T

( ) (2) 1 (2) 1
NGLS NT NT NGLS

( ) (2) 1 2
T NT NGLS T ( )

E (LS ) EPLS

ˆ2E {( ) ' ( )

ˆˆ ˆE {( ) '( )( )}

ˆ2E {( ) ' ( )} ( )

g

g

g

g O n
O n



 

 





   

   

    

ρ ρ

r
ρ

r
ρ ρ

r
ρ

r ρ Γ ρ ρ

r ρ Γ Γ r ρ

r ρ Γ ρ ρ

1 (2) 1 (2) 1 1 (2) 1 2
NT 0 0 NT 0 0 NT ADF

1 (2) 1 1 (2) 1 (2) (2) 1 2
0 NT 0 0 NT NT 0

2{ ( ' ) ' acov ( )} ( )

2{( ' ) ' } ( ),

n n O n

n O n

     

     

  

  

ρ ρ ρ ρ ρ ρ ρ

ρ ρ ρ ρ ρ ρ ρ ρ

Γ Δ Δ Γ Δ Δ Γ r

Δ Γ Δ Δ Γ Γ Γ Δ

which becomes
12n q under normality and T 0ρ ρ .

S1.6.3 Bias correction of NTGLSρ

Recall that
(2) 1

NTG NGLS NT NGLS
ˆˆ ˆLS ( ) ' ( )  ρ ρr ρ Γ r ρ . Define
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1
NTG NTGALS LS 2n q ρ ρ and

1 (2) 1 1 (2) 1 (2) (2) 1
NTG NTG NT NT NT

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆTLS LS 2tr{( ' ) ' }n     ρ ρ ρ ρ ρ ρ ρ ρ ρ ρΔ Γ Δ Δ Γ Γ Γ Δ

( NTGCALSρ can be defined but not given here).

Then, under normality and T 0ρ ρ ,
( ) 2

NTG NTG

( ) 2
NTG NTG

E (ALS ) EPLS ( ),

E (TLS ) EPLS ( ).

f

f

O n

O n





 

 

r
ρ ρ

r
ρ ρ

Under non-normality and T 0ρ ρ ,
( ) 2

NTG NTGE (TLS ) EPLS ( )g O n r
ρ ρ .

S1.7 UTLSρ by ULS for correlation structures

S1.7.1 Definition
2

U NGLS NGLS ULS
ˆˆ ˆLS ( ) '( ) (1 / 2)tr{( ) }    ρ r ρ r ρ R P .

We assume that ULS ( )
ˆDiag( ) pP I . Define

( *) ( ) * *
U ULS ULS

ˆ ˆEPLS E E {( ) '( )}}g g  r r
ρ r ρ r ρ .

In this subsection, T 0ρ ρ is assumed.

S1.7.2 Bias of ULSρ

U U

( )
T ULS T

1 1 2
0 0 0 0 ADF

1 1 (2) 2
0 0 0 0

E (LS ) EPLS

ˆ2E {( ) '( )}

2tr{ ( ' ) ' acov ( )} ( )

2tr{( ' ) ' } ( ).

g

g

n n O n

n O n

  

  



   

  

  

ρ ρ

r

ρ ρ ρ ρ

ρ ρ ρ ρ ρ

r ρ ρ ρ

Δ Δ Δ Δ r

Δ Δ Δ Γ Δ

S1.7.3 Bias correction of ULSρ

Recall that U ULS ULS
ˆ ˆLS ( ) '( )  ρ r ρ r ρ . Define

1 1 (2)
U U

ˆ ˆ ˆ ˆˆTLS LS 2tr{( ' ) ' }n  ρ ρ ρ ρ ρ ρ ρΔ Δ Δ Γ Δ (note that UALSρ is not

defined).
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Under possible non-normality and T 0ρ ρ ,
( ) 2

U UE (TLS ) EPLS ( )g O n r
ρ ρ .

S2. Higher-order bias corrections for cross validation criteria

S2.1 NTG NTGALS , TLS and CV-NTGCALS when


NT
ˆ acov ( )nsW s

by NT-GLS for covariance structures

S2.1.1 Definition
Recall that

1 (2) 1
NTG NGLS NT, NGLS NGLS NT NGLS

1 2 1 2
NGLS ( ) NGLS

ˆ ˆˆ ˆ ˆ ˆLS ( ) ' ( ) ( ) ' ( )

ˆ ˆ(1 / 2)tr[{ ( )} ] (1 / 2)tr{( ) },p

 

 

     

   

ss σ W s σ s σ Γ s σ

S S Σ I S Σ

where
T

(2) (2) (2)
NT NT, NT
ˆ ˆ |  s σ sΓ Γ Γ . Define

(2) 1
NGLS NGLS NT, NGLS

1 2 1 2
NGLS ( ) NGLS

ˆˆ ˆCV ( ) ' ( )

ˆ ˆ(1 / 2)tr[{ ( )} ] (1 / 2)tr{( ) }p



 

  

   

tt σ Γ t σ

T T Σ I T Σ

and
( ) ( )

NGLS NGLS

( ) ( ) (2) 1
NGLS NT, NGLS

ECV E E (CV )

ˆˆ ˆE E {( ) ' ( )},

g g

g g




  

t s

t s
tt σ Γ t σ

where the subscript t in
(2)
NT,
ˆ

tΓ indicates that
(2)
NT,
ˆ

tΓ is given by t, which will

be omitted when obvious as in
(2) (2)
NT NT,
ˆ ˆ sΓ Γ .

S2.1.2 Bias of NTGLS

(i) The case of T 0 (1)O σ σ
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NTG NTG

( ) ( ) (2) 1
NGLS NT, NGLS

( ) ( ) (2) 1
NGLS NT NGLS

( ) ( )
T T 0 NGLS 0

(2) 1 (2) 1
NT, NT T T 0 NGLS 0

ECV EPLS

ˆˆ ˆE E {( ) ' ( )}

ˆ ˆE E {( ) ' ( )}

ˆE E [{ ( )}'

ˆ ˆ( ){ ( )}]

g g

g g

g g





 



  

  

     

      

t s
t

t s

t s

t

t σ Γ t σ

t σ Γ t σ

t σ σ σ σ σ

Γ Γ t σ σ σ σ σ

(s2.1.1)

1

1 1

1 2

( ) (2) 1 (2) 1
T 0 NT, NT T 0( )

( ) (2) 1 (2) 1
T NT, NT T 0( ) ( )

( ) (2) 1 ( ) (2) 1
T 0 NT, NT T 0( ) ( )

(A)

( )
T NT,

ˆ[( ) ' E ( ) ( )

ˆ2E {( ) '( )} ( )]

ˆ[ ( ) 'E { E ( ) } ( )

ˆ2E {( ) '(

g O n

g O n O n

g g O n O n

g



 

 

 



 



 

 

   

   

   

 

t
t

t
t

t t
t

t
t

σ σ Γ Γ σ σ

t σ Γ Γ σ σ

σ σ Γ Γ σ σ

t σ Γ 1 3/2 2

1 1

(2) 1 (2) 1
NT T 0( ) ( ) ( )

( ) ( ) (2) 1 (2) 1
NGLS 0 NT, NT T 0( ) ( )

) } ( )

ˆˆ2E ( ) ' E ( ) ( )

p pO n O n O n

g gO n O n

  

 

 

 

 

 

 

   s t
t

Γ σ σ

σ σ Γ Γ σ σ

2

1 1

1

1

( ) (2) 1 (2) 1
T NT, NT T ( )

( ) (2) 1 (2) 1 ( )
T NT, NT NGLS 0( ) ( )

( ) (2) 1 (2) 1
NT, NT ( )

( )
NGLS 0 NGLS 0 ( )

(A)

ˆ+E {( ) '( )}( )}

ˆ ˆ2E {( ) '( )} E ( )

ˆtr[E ( )

ˆ ˆE {( )( ) '} ] ]

g O n

g gO n O n

g O n

g O n



 





 



 

 

 





  

   

 

  

t
t

t s
t

t
t

s

t σ Γ Γ t σ

t σ Γ Γ σ σ

Γ Γ

σ σ σ σ
2( )

3( ).

O n

O n





(ii) The case of T 0σ σ
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2

1 1

1

NTG NTG

( ) (2) 1 (2) 1
T NT, NT T ( )

(A)

( ) (2) 1 (2) 1 ( )
T NT, NT NGLS 0( ) ( )

( ) (2) 1 (2) 1
NT, NT ( )

( )
NGLS 0 NGLS

ECV EPLS

ˆ[ E {( ) '( )}( )}

ˆ ˆ2E {( ) '( )} E ( )

ˆtr[E ( )

ˆ ˆE {( )(

g O n

g gO n O n

g O n

g



 



 



 

 

 





   

   

 

 

t
t

t s
t

t
t

s

t σ Γ Γ t σ

t σ Γ Γ σ σ

Γ Γ

σ σ σ 1

2
0 ( )

(A) ( )

3

) '} ] ]

( ).

O n
O n

O n












σ

(iii) Evaluation of 1( )
[ ]

O n
 in (s2.1.1) when T 0 (1)O σ σ

The first term in 1( )
[ ]

O n
 is

1

1

( ) (2) 1 (2) 1
T 0 NT, NT T 0( )

1 ( ) (2)
T 0 T 0( )

ˆ( ) ' E ( ) ( )

{(1 / 2)vec '( ) E ( ) vec( )}.

g O n

g O n
n n





 







  

  

t
t

s

σ σ Γ Γ σ σ

Σ Σ M Σ Σ

The second term in 1( )
[ ]

O n
 is

1

1

( ) (2) 1 (2) 1
T NT, NT T 0( )

1 ( ) (1)
T T 0( )

ˆ2E {( ) '( )} ( )

[ E {vec '( ) } ( ),

g O n

g pO n
n n





 







  

  

t
t

s

t σ Γ Γ σ σ

S Σ M D σ σ

where note that “2” vanishes on the right-hand side of the above equation.

(iv) Evaluation of 2( )
[ ]

O n
 in (s2.1.1) when T 0 (1)O σ σ

The first term in 2( )
[ ]

O n
 is

1 2

1

2

( ) (2) 1 ( ) (2) 1
T 0 NT, NT T 0( ) ( )

2 2 ( ) (2) ( ) (2)
T 0 ( )

(3) (4)
T 0( )

ˆ( ) ' E { E ( ) } ( )

[(1 / 2)( ) ' ' E { E ( )

} ( )].

g g O n O n

p g g O n

pO n

n n

 





 

 







  

  

  

t t
t

s s

σ σ Γ Γ σ σ

σ σ D M M

M M D σ σ

The second term in 2( )
[ ]

O n
 is
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1 3/2 2

2

2

( ) (2) 1 (2) 1
T NT, NT T 0( ) ( ) ( )

2 2 ( ) (2) (3)
T T 0( )

2 2 ( ) (2) (3)
T T 0( )

ˆ2E {( ) '( ) } ( )

[2 E {( ) ' '(1 / 2)( )} ( )]

[ E {( ) ' '( )} ( )].

p p
g O n O n O n

g p pO n

g p pO n

n n

n n

  





 

 









  

   

   

t
t

s

s

t σ Γ Γ σ σ

s σ D M M D σ σ

s σ D M M D σ σ

The third term in 2( )
[ ]

O n
 is

1 1

1

1

( ) ( ) (2) 1 (2) 1
NGLS 0 NT, NT T 0( ) ( )

2 (2) (2) ( ) (2)
0 0 T 0( )

2 (2) (2) ( ) (2)
0 0 T 0( )

ˆˆ2E ( ) ' E ( ) ( )

[2{ vec( )}'(1 / 2) ' E ( ) ( )]

[{ vec( )}' ' E ( ) ( )]

g gO n O n

p g pO n

p g pO n

n n

n n

 





 

 









   

  

  

s t
t

s

s

σ σ Γ Γ σ σ

Λ Γ D M D σ σ

Λ Γ D M D σ σ

The fourth term in 2( )
[ ]

O n
 is

2

2

( ) (2) 1 (2) 1
T NT, NT T ( )

2 2 ( ) (1) (2)
T T ( )

ˆE {( ) '( )}( )}

[ E {( )(1 / 2) '( ) ( )} ].

g O n

g p p O n
n n





 







  

   

t
t

s

t σ Γ Γ t σ

s σ D M M D s σ

The fifth term in 2( )
[ ]

O n
 is

1 1

1

1

( ) (2) 1 (2) 1 ( )
T NT, NT NGLS 0( ) ( )

2 ( ) (1) (2) (2)
T 0 0( )

2 ( ) (1) (2) (2)
T 0 0( )

ˆ ˆ2E {( ) '( )} E ( )

[2 E {( )(1 / 2) ' } vec( )]

[ E {( ) ' } vec( )].

g gO n O n

g p p O n

g p p O n

n n

n n

 





 

 









   

  

  

t s
t

s

s

t σ Γ Γ σ σ

s σ D M D Λ Γ

s σ D M D Λ Γ

The sixth term in 2( )
[ ]

O n
 is

1 1

1

( ) (2) 1 (2) 1 ( )
NT, NT NGLS 0 NGLS 0( ) ( )

2 ( ) (2) (1) (2) (1)
0 0 0( )

ˆ ˆ ˆtr[E ( ) E {( )( ) '} ]

tr{(1 / 2) ' E ( ) '}.

g gO n O n

p g pO n
n n

 



 

 





  



t s
t

s

Γ Γ σ σ σ σ

D M D Λ Γ Λ

(v) Evaluation when T 0σ σ

In NTG NTGECV EPLS , the term of order
1( )O n

vanishes. The term

of order
2( )O n

becomes the sum of the 4th, 5th and 6th terms in (iv), which

under non-normality is
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2

1

1

2 2 ( ) (1) (2)
T T ( )

(A)

( ) (1) (2) (2)
T 0 0( )

( ) (2) (1) (2) (1)
0 0 0( )

(A)

[ E {( )(1 / 2) '( ) ( )}

E {( ) ' } vec( )

+tr{(1 / 2) ' E ( ) '} ]

g p p O n

g p p O n

p g pO n

n n

n

n















  

 

s

s

s

s σ D M M D s σ

s σ D M D Λ Γ

D M D Λ Γ Λ

and under normality is

2

1

1

2 2 ( ) (1) (2)
T T ( )

(A)

( ) (1) (2) (2)
T 0 NT( )

( ) (2) (1) (2) (1)
0 NT 0( )

(A)

[ E {( )(1 / 2) '( ) ( )}

E {( ) ' } vec( )

+tr{(1 / 2) ' E ( ) '} ] .

f p p O n

f p p O n

p f pO n

n n

n

n















  

 

s

s

s

s σ D M M D s σ

s σ D M D Λ Γ

D M D Λ Γ Λ

Define NTG NTGELS E (LS )g , then, we have

2 2

NTG NGLS

NTG NTG NGLS NTG( ) ( )

3

ELS ECV

(ELS EPLS ) (ECV EPLS )

( )

O n O n

O n

  





   


(the first term on the right-hand side of the above equation is given by
Subsection S1.1.2 and the second term is given by the negative of the preceding
results in this subsection)

1

1 (2) 1 (1) (2)
NT 0 0

( ) (1) (1)
T 0 0 T ( )

[ 2tr( )

vec '( ) E { ( )} ]g p O n

n

n 

 



 

  s

Γ Λ Γ

Σ Σ M D Λ s σ (s2.1.2)

(note that three terms have been canceled)
2 (2) 1 (1) (2) 1 (2) (3)

NT 0 (4) NT 0 0
(A)

(2) 1 (3) (2) (2)
NT 0 0 0

[ 2tr( ) 2tr( )

6tr[ {vec( ) }]

n  



 

 

Γ Λ Κ Γ Λ Γ

Γ Λ Γ Γ

2

2 ( ) (2) (3)
T 0

(1)
0 T ( )

2 ( ) (1) (2) 2 (1) (3) 3
T 0 0 T 0 T

(2) (2) 2
0 T

vec'( ) E {( )

( )( )}

vec'( ) E { ( ) ( )

( ) }

g

p p O n

g p p

p

n

n



   

 

  

  

    

 

s

s

Σ Σ M M

D D Λ s σ

Σ Σ M D Λ s σ M D Λ s σ

M D Λ s σ



39

2

1

2 ( ) (2) (3)
T T 0( )

2 ( ) (2) (2) (2)
T 0 0 0( )

E {vec '( )( )} vec( ) ###

vec '( ) E ( ) vec( ) ###

g O n

g pO n

n

n









   

 

s

s

S Σ M M Σ Σ

Σ Σ M D Λ Γ

(two term have been canceled, ### indicates added terms for cross validation
criteria over LS criteria)

2

2

2

2 ( ) (1) (1) (2)
T 0

(1)
0 T ( )

2 ( ) 2 (2) (1) (1)
T 0 0 T ( )

2 ( ) (1) (2)
T T ( )

( )
T

(1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) ' ( )( )}

(1 / 2) E {( ) ' '( ) ( )} ###

E {( ) '

g p p

p p O n

g p p p O n

g p p O n

g

n

n

n

n









 





   

  

   

   

 

s

s

s

s

s σ D D Λ M M

D D Λ s σ

s σ D Λ M D D Λ s σ

s σ D M M D s σ

s σ

1

(1) (2) (2)
0 0

( ) (2) (1) (2) (1) 3
0 0 0( )

(A)

' } vec( )###

tr{(1 / 2)} ' E ( ) '}### ] ( ).

p p

p g p pO n
n O n




 s

D M D Λ Γ

D M D Λ Γ Λ

Under normality and T 0 (1)O σ σ , the first term in
1[ ]n  of (s2.1.2)

is
(1) (2) 1 1 (2) 1
0 0 NT 0 0 0 NT 02tr( ) 2tr{( ' ) ' } 2q       Λ Δ Γ Δ A Δ Γ Δ , and the first

term in
2

(A) (A)

[ ]n  becomes
(2) 1 (1)
NT 0 (4)2tr( ) 0 Γ Λ Κ .

Under non-normality and T 0σ σ ,

NTG NGLS

1 (2) 1 (1) (2)
NT 0 0

2 (2) 1 (1) (2) 1 (2) (3)
NT 0 (4) NT 0 0

(A)

(2) 1 (3) (2) (2)
NT 0 0 0

2 ( ) (1) (1) (2)
T 0

(1)
0 T

ELS ECV

{ 2tr( )}

[ 2tr( ) 2tr( )

6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )( )}

g p p

p p

n

n

n

 

  





 

 

 

   

  

s

Γ Λ Γ

Γ Λ Κ Γ Λ Γ

Γ Λ Γ Γ

s σ D D Λ M M

D D Λ s σ 2

2

( )

2 ( ) 2 (2) (1) (1)
T 0 0 T ( )

E {( ) '( ) ' ( )( )}

O n

g p p p O n
n







 


   s s σ D Λ M D D Λ s σ



40

2

1

2 ( ) (1) (2)
T T ( )

( ) (1) (2) (2)
T 0 0

( ) (2) (1) (2) (1)
0 0 0( )

(A)

3

(1 / 2) E {( ) ' '( ) ( )} ###

E {( ) ' ' } vec( )###

tr{(1 / 2)} ' E ( ) '}### ]

( ).

g p p O n

g p p

p g pO n

p

n

n

n

O n











   

 





s

s

s

s σ D M M D s σ

s σ D M D Λ Γ

D M D Λ Γ Λ

Under normality and T 0σ σ ,

2

NTG NGLS

1

2 (2) 1 (2) (3) (2) 1 (3) (2) (2)
NT 0 NT NT 0 NT NT

(A)

2 ( ) (1) (1) (2)
T 0

(1)
0 T ( )

2 ( ) 2 (2) (1)
T 0

ELS ECV

( 2 )

[ 2tr( ) 6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) '

f p p

p p O n

f p

n q

n

n

n





  



 



 

   

   

  

 

s

s

Γ Λ Γ Γ Λ Γ Γ

s σ D D Λ M M

D D Λ s σ

s σ D Λ M 2

(1)
0 T ( )

( )( )}p p O n
 D D Λ s σ

2

1

2 ( ) (1) (2)
T T ( )

( ) (1) (2) (2)
T 0 NT

( ) (2) (1) (2) (1)
0 NT 0( )

(A)

3

(1 / 2) E {( ) ' '( ) ( )} ###

E {( ) ' ' } vec( )###

tr{(1 / 2) ' E ( ) '}### ]

( ).

f p p O n

f p p

p f pO n

p

n

n

n

O n











   

 





s

s

s

s σ D M M D s σ

s σ D M D Λ Γ

D M D Λ Γ Λ

S2.1.3 Bias correction of NTGLS

Recall that
(2) 1 1 2

NTG NGLS NT NGLS ( ) NGLS

1
NTG NTG

ˆ ˆLS ( ) ' ( ) (1 / 2)tr{( ) },

ALS LS 2

p

n q

 



    

 

s σ Γ s σ I S Σ

and
1 (2) 1 (1) (2)

NTG NTG NT

1 (2) 1 1 (2) 1 (2) (2) 1
NTG NT NT NT

ˆˆ ˆTLS LS 2tr( )

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆLS 2tr{( ' ) ' }.

n

n

 

    

 

 

Γ Λ Γ

ΔΓ Δ ΔΓ Γ Γ Δ
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Define





2

1
CV-NTG NTG

2 (2) 1 (2) (3) (2) 1 (3) (2) (2)
NT NT NT NT NT

(A)

2 ( ) (1) (1) (2)
T 0

(1)
0 T ( )

2 ( ) 2 (2)
T 0

CALS LS 2

ˆ ˆˆ ˆ ˆ ˆ ˆ[ 2tr( ) 6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) '

f p p

p p O n

f p

n q

n

n

n





  



 

 

   

   

  

 

s

s

Γ Λ Γ Γ Λ Γ Γ

s σ D D Λ M M

D D Λ s σ

s σ D Λ 2

(1) (1)
0 T ( )

( )( )}p p O n
 M D D Λ s σ







2

1

2 ( ) (1) (2)
T T ( )

( ) (1) (2) (2)
T NT

( ) (2) (1) (2) (1)
NT( )

(A)

3

(1 / 2) E {( ) ' '( ) ( )} ###

ˆ ˆE {( ) ' ' } vec( )###

ˆ ˆˆtr{(1 / 2) ' E ( ) '}### ]

( ).

f p p O n

f p p

p f pO n

p

n

n

n

O n











   

 





s

s

s

s σ D M M D s σ

s σ D M D Λ Γ

D M D Λ Γ Λ

Note that the bias corrections in NTG NTGALS , TLS and CV-NTGCALS

are valid only when a structural model is true i.e., T 0σ σ .

Under normality and T 0σ σ ,
2

NTG NTGE (ALS ) ECV ( )f O n 

and
3

NTG NTGE (CALS ) ECV ( )f O n  .

Under non-normality and T 0σ σ ,
2

NTG NTGE (TLS ) ECV ( )g O n  .

S2.2 NTG* NTG*ALS , TLS , and CV-NTG*CALS by NT-GLS* when

(M) (M)
NT NT , NTGLS*, NTGLS*,

ˆ ˆ ˆ ˆ ˆ( ( )ab cd ac bd  sW Γ Γ

NTGLS*, NTGLS*,
ˆ ˆ ; 1; 1)ad bc p a b p c d        for covariance

structures

S2.2.1 Definition
Recall that
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(M) 1
NTG* NGLS* NT, NGLS*

1 1
NGLS* NGLS* NGLS* NGLS*

1 2
NGLS* NGLS*

1 2
( ) NGLS*

ˆˆ ˆLS ( ) ' ( )

ˆ ˆ ˆ ˆ(1 / 2)vec '( )( )vec( )

ˆ ˆ(1 / 2)tr[{ ( )} ]

ˆ(1 / 2)tr{( ) }.p



 





  

   

 

 

ss σ Γ s σ

S Σ Σ Σ S Σ

Σ S Σ

I Σ S

Define
( ) ( ) (M) 1

NGLS* NGLS* NT, NGLS*

( ) ( ) 1 2
( ) NGLS*

ˆˆ ˆECV E E {( ) ' ( )}

ˆE E [(1 / 2)tr{( ) }].

g g

g g p





  

 

t s
s

t s

t σ Γ t σ

I Σ T

In this subsection, T 0σ σ is assumed unless otherwise stated.

S2.2.2 Bias of NTG*LS

Recall that NTG* NTG*ELS E (LS )g . Then,

NTG* NGLS*

NTG* NTG* NGLS* NTG*

ELS ECV

(ELS EPLS ) (ECV EPLS ),



   

where the first term on the right-hand side of the above equation was given in
Subsection S1.2.2.

Under non-normality and T 0σ σ ,

1 1

NGLS* NTG

( ) ( ) (M) 1
NGLS* NT, NGLS*

( ) ( ) (2) 1
NGLS* NT NGLS*

( ) (M) 1 (2) 1 ( )
NT, NT T T( ) ( )

(A)

( )
NGLS* T

ECV EPLS

ˆˆ ˆE E {( ) ' ( )}

ˆ ˆE E {( ) ' ( )}

ˆ[ tr[E ( ) E {( )( ) '} ]

ˆˆ+E {( ) '(

g g

g g

g gO n O n

g

 





 

 



  

  

   



t s
s

t s

s t
s

s

t σ Γ t σ

t σ Γ t σ

Γ Γ t σ t σ

σ σ Γ 2

2

(M) 1 (2) 1
NT, NT NGLS* T ( )

(A) ( )

3

ˆ)( )} ]

( )

O n
O n

O n





 





 



s Γ σ σ

1

2

2

2 ( ) *(2) (2)
0( )

(A)

2 ( ) (1) *(1) *(2) (1)
T 0 0 T ( )

2 ( ) 2 (2) *(1) (1) 3
T 0 0 T ( )

(A)

[ (1 / 2)tr{ ' E ( ) }

(1 / 2) E {( ) '( ) '( ) ( )}

E {( ) '( ) ' ( )} ] ( ).

p g pO n

g p p O n

g p p O n

n n

n

n O n













  





   

   

s

s

s

D M D Γ

s σ D Λ M M D Λ s σ

s σ D Λ M D Λ s σ
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(s2.2.1)

Under normality and T 0σ σ ,

1

2

2

NGLS* NTG

2 ( ) *(2) (2)
NT( )

(A)

2 ( ) (1) *(1) *(2) (1)
T 0 0 T ( )

2 ( ) 2 (2) *(1) (1) 3
T 0 0 T ( )

(A)

ECV EPLS

[ (1 / 2)tr{ ' E ( ) }

(1 / 2) E {( ) '( ) '( ) ( )}

E {( ) '( ) ' ( )} ] ( ).

p f pO n

f p p O n

f p p O n

n n

n

n O n













  







   

   

s

s

s

D M D Γ

s σ D Λ M M D Λ s σ

s σ D Λ M D Λ s σ

(s2.2.2)

Then, under non-normality and T 0σ σ , from (i) of Subsection S1.2.2

and (s2.2.1),

NTG* NGLS*

1 (2) 1 (1) (2)
NT 0 0

2 (2) 1 (1) (2) 1 (2) (3)
NT 0 (4) NT 0 0

(A)

(2) 1 (3) (2) (2)
NT 0 0 0

2 ( ) (1) *(1) *(2)
T 0

(1)
0

ELS ECV

{ 2tr( )}

[ 2tr( ) 2tr( )

6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )(

g p p

p p

n

n

n

 

  





 

 

 

   

  

s

Γ Λ Γ

Γ Λ Κ Γ Λ Γ

Γ Λ Γ Γ

s σ D D Λ M M

D D Λ s 2

2

T ( )

2 ( ) 2 (2) *(1) (1)
T 0 0 T ( )

)}

E {( ) '( ) ' ( )( )}

O n

g p p p O n
n







 


   s

σ

s σ D Λ M D D Λ s σ

1

2

2

( ) *(2) (2)
0( )

2 ( ) (1) *(1) *(2)
T 0

(1)
0 T ( )

2 ( ) 2 (2) *(1)
T 0

(1) 3
0 T ( )

(A)

(1 / 2)tr{ ' E ( ) }###

(1 / 2) E {( ) '( ) '( )

( )} ###

E {( ) '( ) '

( )} ### ] ( ).

p g pO n

g p

p O n

g p

p O n

n

n

n

O n











 







  

 

 

  

s

s

s

D M D Γ

s σ D Λ M M

D Λ s σ

s σ D Λ M

D Λ s σ

Under normality and T 0σ σ , from (ii) of Subsection S1.2.2 and (s2.2.2),
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2

NTG* NGLS*

1

2 (2) 1 (2) (3) (2) 1 (3) (2) (2)
NT 0 NT NT 0 NT NT

(A)

2 ( ) (1) *(1) *(2)
T 0

(1)
0 T ( )

ELS ECV

( 2 )

[ 2tr( ) 6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )( )}

f p p

p p O n

n q

n

n





  





 

   

   

  

s

Γ Λ Γ Γ Λ Γ Γ

s σ D D Λ M M

D D Λ s σ

2

1

2

2 ( ) 2 (2) *(1) (1)
T 0 0 T ( )

( ) *(2) (2)
NT( )

2 ( ) (1) *(1) *(2)
T 0

(1)
0 T ( )

2 ( ) 2 (2)
T 0

E {( ) '( ) ' ( )( )}

(1 / 2)tr{ ' E ( ) }###

(1 / 2) E {( ) '( ) '( )

( )} ###

E {( ) '(

f p p p O n

p f pO n

f p

p O n

f p

n

n

n

n







 







 

   



  

 

 

s

s

s

s

s σ D Λ M D D Λ s σ

D M D Γ

s σ D Λ M M

D Λ s σ

s σ D Λ

2

*(1)

(1) 3
0 T ( )

(A)

) '

( )} ### ] ( ).p O n
O n




  

M

D Λ s σ

S2.2.3 Bias correction of NTG*LS

Recall that
(M) 1

NTG* NGLS* NT NGLS*

1 1
NGLS* NGLS* NGLS* NGLS*

1 2
NGLS* NGLS*

ˆˆ ˆLS ( ) ' ( )

ˆ ˆ ˆ ˆ(1 / 2)vec '( )( )vec( )

ˆ ˆ(1 / 2)tr[{ ( )} ],



 



  

   

 

s σ Γ s σ

S Σ Σ Σ S Σ

Σ S Σ
1

NTG* NTG*ALS LS 2n q  and
1 (M) 1 (1) (2)

NTG* NTG* NT

1 (M) 1 1 (M) 1 (2) (M) 1
NTG* NT NT NT

ˆˆ ˆTLS LS 2tr( )

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆLS 2tr{( ' ) ' }.

n

n

 

    

 

 

Γ Λ Γ

ΔΓ Δ ΔΓ Γ Γ Δ

Define
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2

CV-NTG*

1
NTG*

2 (M) 1 (2) (M3) (M) 1 (3) (M) (M)
NT NT NT NT NT

(A)

2 ( ) (1) *(1) *(2)
T 0

(1)
0 T ( )

CALS

LS ( 2 )

ˆ ˆˆ ˆ ˆ ˆ ˆ[ 2tr( ) 6tr[ {vec( ) }]

(1 / 2) E {( ) '( ) '( )

( )( )}

f p p

p p O n

n q

n

n





  



  

  

   

  

s

Γ Λ Γ Γ Λ Γ Γ

s σ D D Λ M M

D D Λ s σ









2

1

2

2 ( ) 2 (2) *(1) (1)
T 0 0 T ( )

( ) *(2) (2)
NT( )

2 ( ) (1) *(1) *(2)
T 0

(1)
0 T ( )

2 ( ) 2 (2
T 0

E {( ) '( ) ' ( )( )}

ˆ(1 / 2)tr{ ' E ( ) }###

(1 / 2) E {( ) '( ) '( )

( )} ###

E {( ) '(

f p p p O n

p f pO n

f p

p O n

f p

n

n

n

n







 







 

   



  

 

 

s

s

s

s

s σ D Λ M D D Λ s σ

D M D Γ

s σ D Λ M M

D Λ s σ

s σ D Λ

2

) *(1)

(1) 3
0 T ( )

(A)

) '

( )} ### ] ( ).p O n
O n




  

M

D Λ s σ

All the corrections in NTG* NTG*ALS , TLS and CV-NTG*CALS are valid

only when T 0σ σ .

Under normality and T 0σ σ ,
2

NTG* NGLS*E (ALS ) ECV ( )f O n 

and
3

CV-NTG* NGLS*E (CALS ) ECV ( )f O n  .

Under non-normality and T 0σ σ ,
2

NTG* NGLS*E (TLS ) ECV ( )g O n  .

S2.3 STLS by SLS when ˆ 2 {Diag( ) Diag( ))} 'p p
  sW D S S D for

covariance structures

S2.3.1 Definition
Recall that
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1
S SLS SLS SLS

1 1
SLS SLS

1 2
SLS

ˆˆ ˆLS ( ) ' ( )

ˆ ˆ( ) '(1 / 2) '{Diag ( ) Diag ( )} ( )

ˆ(1 / 2)tr[{Diag ( )( )} ]

p p



 



  

   

 

s σ W s σ

s σ D S S D s σ

S S Σ

and S SELS E (LS )g .

S2.3.2 Bias of SLS

Define
( ) ( )

SLS SLS

1 1
SLS

ˆECV E E [( ) '(1 / 2) '

ˆ{Diag ( ) Diag ( )} ( )].

g g p

p
 

 

  

t s t σ D

T T D t σ

Then,

S SLS S S SLS SELS ECV (ELS EPLS ) (ECV EPLS )     , where the

first term was given by Subsection 1.3.2. Let
1 1 1ˆ (1 / 2) '{Diag ( ) Diag ( )}p p
   tV D T T D and

1 1 1
T T(1 / 2) '{Diag ( ) Diag ( )}p p

   V D Σ Σ D . Then, the negative second

term is

SLS S

( ) ( )
SLS

1 1
SLS

( ) ( )
SLS

1 1
T T SLS

( ) ( ) 1 1
SLS SLS

ECV EPLS

ˆ=E E [( ) '(1 / 2) '

ˆ{Diag ( ) Diag ( )} ( )]

ˆE E [( ) '(1 / 2) '

ˆ{Diag ( ) Diag ( )} ( )]

ˆˆ ˆE E {( ) '( )( )}

g g p

p

g g p

p

g g

 

 

 





  

 

  

   

t s

t s

t s
t

t σ D

T T D t σ

t σ D

Σ Σ D t σ

t σ V V t σ

1

1 1

( ) ( )
T T 0 SLS 0

1 1
T T 0 SLS 0

( ) 1 1
T 0 T 0( )

( ) 1 1
T T 0( ) ( )

ˆE E [{ ( )}'

ˆ ˆ( ){ ( )}

ˆ[( ) ' E ( ) ( )

ˆ2E {( ) '( )} ( )]

g g

g O n

g O n O n



 

 

 



 



     

      

   

   

t s

t

t
t

t
t

t σ σ σ σ σ

V V t σ σ σ σ σ

σ σ V V σ σ

t σ V V σ σ
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1 2

1 3/2 2

1 1

( ) 1 ( ) 1
T 0 T 0( ) ( )

(A)

( ) 1 1
T T 0( ) ( ) ( )

( ) ( ) 1 1
SLS 0 T 0( ) ( )

( ) 1 1
T

ˆ ˆ[ ( ) 'E { E ( ) } ( )

ˆ2E {( ) '( ) } ( )

ˆˆ2E ( ) E ( ) ( )

ˆE {( ) '( )(

p p

g g O n O n

g O n O n O n

g gO n O n

g

 

  

 

 

 

 

 

 

 

 

   

   

   

   

t t
t t

t
t

s t
t

t
t

σ σ V V σ σ

t σ V V σ σ

σ σ V V σ σ

t σ V V t σ 2

1 1

1

1

2

T ( )

( ) 1 1 ( )
T SLS 0( ) ( )

( ) 1 1

( )

( )
SLS 0 SLS 0 ( )

(A) ( )

3

)}

ˆ ˆ2E {( ) '( )} E ( )

ˆtr[E ( )

ˆ ˆE {( )( ) '} ]

( )

O n

g gO n O n

g O n

g O n
O n

O n



 









 

 

 







   

 

  



t s
t

t
t

s

t σ V V σ σ

V V

σ σ σ σ

1

1

1

2

1 ( ) (2)
T 0 D T 0( )

( ) (1)
T D T 0( )

2 2 ( ) (2) ( ) (2)
T 0 D D ( )

(A)

(3) (4)
D D T 0( )

2 ( )
T 0

[(1/ 2)vec '( ) E ( ) vec '( )

E {vec '( ) } ( )]

[ (1/ 2)vec'( ) E { E ( )

} vec( )

vec'( ) E {

g O n

g pO n

g g O n

O n

g

n n

n

n n

n





















  

  

  

  

 

s

s

s s

s

Σ Σ M Σ Σ

S Σ M D σ σ

Σ Σ M M

M M Σ Σ

Σ Σ 2

(2) (3)
D D T ( )

( ) ( )}p O n
 M M D s σ

1

2

1

1

(2) (2) ( ) (2)
0 0 D T 0( )

2 ( ) (1) (2)
T D D T ( )

( ) (1) (2) (2)
T D 0 0( )

( ) (2) (1) (2) (1
D 0 0 0( )

{ vec( )}' ' E ( ) ( )

E {( ) '(1 / 2) '( ) ( )}

E {( ) ' ' } vec( )

tr{(1 / 2) ' E ( )

p g pO n

g p p O n

g p p O n

p g pO n

n

n

n

n

















 

   

 



s

s

s

s

Λ Γ D M D σ σ

s σ D M M D s σ

s σ D M D Λ Γ

D M D Λ Γ Λ ) 3

(A)

' ] ( ).O n

From these results,



48

1

S SLS

1 1 (1) (2)
0 0

( ) (1) (1)
T 0 D 0 T ( )

ELS ECV

[ 2tr( )

vec'( ) E { ( )} ]g p O n

n

n 

 





 

  s

V Λ Γ

Σ Σ M D Λ s σ

(four terms have been canceled)

2

2 1 (1) 1 (2) (3)
0 (4) 0 0

(A)

1 (3) (2) (2)
0 0 0

2 ( ) (2) (3)
T 0 D D

(1)
0 T ( )

[ 2tr( ) 2tr( )

6tr[ {vec( ) }]

vec'( ) E {( )

( )( )}

g

p p O n

n

n



  





 

 

  

  

s

V Λ Κ V Λ Γ

V Λ Γ Γ

Σ Σ M M

D D Λ s σ

2

2 ( ) (1) (2) 2 (1) (3) 3
T 0 D 0 T D 0 T

(2) (2) 2
D 0 T ( )

vec'( ) E {( ( ) ( )

( ) }

g p p

p O n

n



   

 



    

 

sΣ Σ M D Λ s σ M D Λ s σ

M D Λ s σ

2

1

2 ( ) (2) (3)
T D D T 0( )

( ) (2) (2)
T 0 D 0( )

E {vec'( )( )} vec( )###

vec'( ) E ( ) vec( )###

g O n

g pO n

n

n









   

 

s

s

S Σ M M Σ Σ

Σ Σ M D Λ

2

2

2

2 ( ) (1) (1) (2)
T 0 D D

(1)
0 T ( )

2 ( ) 2 (2) (1) (1)
T 0 D 0 T ( )

2 ( ) (1) (2)
T D D T ( )

( )

(1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) ' ( )( )}

(1 / 2) E {( ) ' '( ) ( )} ###

E {(

g p p

p p O n

g p p p O n

g p p O n

g

n

n

n

n









 





   

  

   

   



s

s

s

s

s σ D D Λ M M

D D Λ s σ

s σ D Λ M D D Λ s σ

s σ D M M D s σ

s 1

1

(1) (2) (2)
T D 0 0( )

( ) (2) (1) (2) (1) 3
D 0 0 0( )

(A)

) ' ' } vec( )###

tr{(1 / 2) ' E ( ) '### ] ( ).

p p O n

p g pO n
n O n













 s

σ D M D Λ Γ

D M D Λ Γ Λ

When T 0 (1)O σ σ , even under normality the first term in
1[ ]n 

does not become 2q though
(2) (2)
0 NTΓ Γ .

Under non-normality and T 0σ σ ,
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S SLS

1 1 (1) (2)
0 0

2 1 (1) 1 (2) (3)
0 (4) 0 0

(A)

1 (3) (2) (2)
0 0 0

ELS ECV

{ 2tr( )}

[ 2tr( ) 2tr( )

6tr[ {vec( ) }]

n

n

 

  





 

 

 

V Λ Γ

V Λ Κ V Λ Γ

V Λ Γ Γ

2

2

2

2 ( ) (1) (1) (2)
T 0 D D

(1)
0 T ( )

2 ( ) 2 (2) (1) (1)
T 0 D 0 T ( )

2 ( ) (1) (2)
T D D T ( )

( )

(1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) ' ( )( )}

(1 / 2) E {( ) ' '( ) ( )} ###

E {(

g p p

p p O n

g p p p O n

g p p O n

g

n

n

n

n









 





   

  

   

   



s

s

s

s

s σ D D Λ M M

D D Λ s σ

s σ D Λ M D D Λ s σ

s σ D M M D s σ

s 1

1

(1) (2) (2)
T D 0 0( )

( ) (2) (1) (2) (1) 3
D 0 0 0( )

(A)

) ' ' } vec( )###

tr{(1 / 2) ' E ( ) '### ] ( ).

p p O n

p g pO n
n O n













 s

σ D M D Λ Γ

D M D Λ Γ Λ

Under normality and T 0σ σ with (4) K O and
(2) (2)
0 NTΓ Γ ,

S SLS

1 1 (1) (2)
0 NT

2 1 (2) (3) 1 (3) (2) (2)
0 NT 0 NT NT

(A)

ELS ECV

{ 2tr( )}

[ 2tr( ) 6tr[ {vec( ) }]

n

n

 

  



 

   

V Λ Γ

V Λ Γ V Λ Γ Γ

2

2

2

2 ( ) (1) (1) (2)
T 0 D D

(1)
0 T ( )

2 ( ) 2 (2) (1) (1)
T 0 D 0 T ( )

2 ( ) (1) (2)
T D D T ( )

( )

(1 / 2) E {( ) '( ) '( )

( )( )}

E {( ) '( ) ' ( )( )}

(1 / 2) E {( ) ' '( ) ( )} ###

E {(

f p p

p p O n

f p p p O n

f p p O n

f

n

n

n

n









 





   

  

   

   



s

s

s

s

s σ D D Λ M M

D D Λ s σ

s σ D Λ M D D Λ s σ

s σ D M M D s σ

s 1

1

(1) (2) (2)
T D 0 0( )

( ) (2) (1) (2) (1) 3
D 0 0 0( )

(A)

) ' ' } vec( )###

tr{(1 / 2) ' E ( ) '### ] ( ).

p p O n

p f pO n
n O n













 s

σ D M D Λ Γ

D M D Λ Γ Λ

S2.3.3 Bias correction of SLS

Recall that
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1
S SLS SLS SLS

1
SLS SLS

1 1
SLS SLS

1 2
SLS

ˆˆ ˆLS ( ) ' ( )

ˆˆ ˆ( ) ' ( )

ˆ ˆ( ) '(1 / 2) '{Diag ( ) Diag ( )} ( )

ˆ(1 / 2)tr[{Diag ( )( )} ].

p p





 



  

  

   

 

s

s σ W s σ

s σ V s σ

s σ D S S D s σ

S S Σ

Define
1 1 (1) (2)

S S

1 1 1 1 (2) 1
S

ˆˆ ˆTLS LS 2tr( )

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆLS 2tr{( ' ) ' }

n

n

 

    

 

 

s

s s s

V Λ Γ

ΔV Δ ΔV Γ V Δ

( SALS and SCALS are not defined), which is valid only when T 0σ σ .

Under possible non-normality and T 0σ σ ,
2

S SLSE (TLS ) ECV ( )g O n 

S2.4 ADFGALS and ADFGCALS when
(2)

ADF
ˆ ˆ acov ( )n sW Γ s by

ADF-GLS for covariance structures

Recall that


ADF ,{ acov ( )} ( 1; 1)ab cd abcd ab cdn s s s p a b p c d       s

In this subsection, T 0σ σ is assumed.

S2.4.1 Definition
Recall that

(2) 1
ADFG AGLS AGLS

ˆˆ ˆLS ( ) ' ( )  s σ Γ s σ and
( )

ADFG ADFGELS E (LS )g s

Define
( ) ( ) (2) 1

AGLS AGLS AGLS
ˆˆ ˆECV E E {( ) ' ( )}g g

  t s
tt σ Γ t σ .

S2.4.2 Bias of ADFGLS

Note that

ADFG AGLS

ADFG ADFG AGLS ADFG

ELS ECV

(ELS EPLS ) (ECV EPLS ),



   

where the first term was given by (s1.4.4). Using the result before (s1.4.3), the
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reversed second term on the right-hand side of the above equation is

2

1 1

AGLS ADFG

( ) ( ) (2) 1 (2) 1
AGLS 0 AGLS

( ) (2) 1 (2) 1
T 0 T ( )

( ) (2) 1 (2) 1 ( )
T 0 AGLS T( ) ( )

( ) (2) 1 (2)
0

ECV EPLS

ˆˆ ˆE E {( ) '( )( )}

ˆ[E {( ) '( )( )}

ˆ ˆ2E {( ) '( )} E ( )

ˆE (

g g

g O n

g gO n O n

g



 

 

 



 

 





   

   

   

 

t s
t

t
t

t s
t

t
t

t σ Γ Γ t σ

t σ Γ Γ t σ

t σ Γ Γ σ σ

Γ Γ 1 1 2

1 ( )
AGLS T AGLS T( ) ( ) ( )

3

ˆ ˆ)} E {( )( ) '} ]

( )

gO n O n O n

O n

  



 



 



s σ σ σ σ

2

1

1

2 2 ( ) (1) (2)
T ADF ADF T ( )

( ) (1) (2) (2)
T ADF 0 0( )

( ) (1) (2) (1) (2) (1) 3
ADF ADF 0 0 0( )

[ E {( ) '( )( )}

2 E {( ) ' } vec( )

tr{ E ( ) } '] ( )

g O n

g O n

g O n

n n

n

n O n

















   

 

  

s

s

s

s σ M M s σ

s σ M Λ Γ

M M Λ Γ Λ
(s2.4.1)

(note that
( ) (1) 1

ADFE ( ) ( )g O ns M in the last result is due to e.g.,
( ) 1

TE ( ) ( )g ancd abcds O n  s
).

From (s1.4.4) and (s2.4.1),

2

ADFG AGLS

1 2 (2) 1 (1) (2) 1 (2) (3)
0 0 (4) 0 0 0

(A)

(2) 1 (3) (2) (2)
0 0 0 0

2 ( ) (1) (1) (2)
T ( *) 0 ADF ADF

(1)
( *) 0 T ( )

2 ( )

ELS ECV

( 2 ) [ 2tr( ) 2tr( )

6tr[ {vec( ) }]

E {( ) '( ) '( )

( )( )}

2 E {(

g p

p O n

g

n q n

n

n



   







   

 

   

  

 

s

s

Γ Λ Κ Γ Λ Γ

Γ Λ Γ Γ

s σ I Λ M M

I Λ s σ

s 2

2 (2) (1) (1)
T 0 ADF ( *) 0 T ( )

) ' ' ( )( )}p O n

 


 σ Λ M I Λ s σ

2

1

1

2 ( ) (1) (2)
T ADF ADF T ( )

( ) (1) (2) (2)
T ADF 0 0( )

( ) (1) (2) (1) (2) (1) 3
ADF ADF 0 0 0( )

(A)

E {( ) '( )( )}

2 E {( ) ' } vec( )

tr{ E ( ) } '] ] ( ).

g O n

g O n

g O n

n

n

n O n















   

 

  

s

s

s

s σ M M s σ

s σ M Λ Γ

M M Λ Γ Λ
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which holds under possible non-normality. Under normality, (4) K O and
(2) (2)
0 NTΓ Γ .

S2.4.3 Bias correction of ADFGLS

Recall that
(2) 1

ADFG AGLS AGLS
ˆˆ ˆLS ( ) ' ( )  s σ Γ s σ and

1
ADFG ADFGALS LS 2n q  .

Define





2

1
CV-ADFG ADFG

2 (2) 1 (1) (2) 1 (2) (3)
(4)

(A)

(2) 1 (3) (2) (2)

2 ( ) (1) (1) (2)
T ( *) 0 ADF ADF

(1)
( *) 0 T ( )

2 ( )

CALS LS 2

ˆ ˆˆ ˆ ˆ ˆ[ 2tr( ) 2tr( )

ˆˆ ˆ ˆ6tr[ {vec( ) }]

E {( ) '( ) '( )

( )( )}

2 E {(

g p

p O n

g

n q

n

n

n





  





 

 

 

   

  



s

s

Γ Λ Κ Γ Λ Γ

Γ Λ Γ Γ

s σ I Λ M M

I Λ s σ

s 2

2 (2) (1) (1)
T 0 ADF ( *) 0 T ( )

) ' ' ( )( )}p O n
 


  σ Λ M I Λ s σ







2

1

1

2 ( ) (1) (2)
T ADF ADF T ( )

( ) (1) (2) (2)
T ADF 0 0( )

( ) (1) (2) (1) (2) (1)
ADF ADF 0 0 0( )

(A)

E {( ) '( )( )}

2 E {( ) ' } vec( )

tr{ E ( ) } '] ] .

g O n

g O n

g O n

n

n

n













   

 

 

s

s

s

s σ M M s σ

s σ M Λ Γ

M M Λ Γ Λ

ADFGALS and ADFGCALS are valid only when T 0σ σ . Under

possible nonnormality and T 0σ σ
2

ADFG AGLSE (ALS ) ECV ( )g O n 

and
3

ADFG AGLSE (CALS ) ECV ( )g O n  .

S2.5 ADFGALSρ by ADF-GLS using
(2)

ADF
ˆ acov ( )nρΓ r for

correlation structures

S2.5.1 Definition
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Recall that
(2) 1

ADFG AGLS AAGGLLSS
ˆˆ ˆLS ( ) ' ( )  ρ ρr ρ Γ r ρ .

Define
( *) ( ) * (2) 1 *

AGLS AGLS , * AAGGLLSS
ˆˆ ˆECV E E {( ) ' ( )}g g

  r r
ρ ρ rr ρ Γ r ρ . In this

subsection T 0ρ ρ is assumed.

S2.5.2 Bias of ADFGLSρ

Define
( )

ADFG ADFGELS E (LS )g r
ρ ρ . Then,

ADFG AGLS

ADFG ADFG AGLS ADFG

ADFG ADFG

( *) ( ) * (2) 1 (2) 1 *
AGLS , * AAGGLLSS

2
ADFG ADFG

1 2

ELS ECV

(ELS EPLS ) (ECV EPLS )

ELS EPLS

ˆˆ ˆE E {( ) '( )( )}

ELS EPLS ( )

2 ( )

g g

O n

n q O n

 



 



   

 

   

  

  

ρ ρ

ρ ρ ρ ρ

ρ ρ

r r
ρ r ρ

ρ ρ

r ρ Γ Γ r ρ

(see Subsection S1.5.2).

S2.5.3 Bias correction of ADFGLSρ

Recalling that
(2) 1

ADFG AGLS AAGGLLSS
ˆˆ ˆLS ( ) ' ( )  ρ ρr ρ Γ r ρ and

1
ADFG ADFGALS LS 2n q ρ ρ ( ADFGTLSρ is unnecessary), which is valid

only when T 0ρ ρ .

Under possible non-normality and T 0ρ ρ ,
2

ADFG AGLSE (ALS ) ECV ( )g O n ρ ρ , which is the same as that in

Subsection 1.5.3 up to this order.

S2.6 NTGALSρ by NT-GLS using
(2)

NT NT
ˆ acov ( )nρΓ r for correlation

structures

S2.6.1 Definition
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Recall that
(2) 1

NTG NGLS NT NGLS
ˆˆ ˆLS ( ) ' ( )  ρ ρr ρ Γ r ρ with

(2) (2)
NT NT,

ˆ ˆρ ρ rΓ Γ . Define

( *) ( ) * (2) 1 *
NGLS NGLS NT, * NGLS

ˆˆ ˆECV E E {( ) ' ( )}g g
  r r

ρ ρ rr ρ Γ r ρ . In this subsection

T 0ρ ρ is assumed.

S2.6.2 Bias of NTGLSρ

Define
( )

NTG NTGELS E (LS )g r
ρ ρ . Then,

NTG NGLS

NTG NTG NGLS NTG

NTG NTG

( *) ( ) * (2) 1 (2) 1 *
NGLS NT, * NT NGLS

2
NTG NTG

1 (2) 1 1 (2) 1
0 NT 0 0 NT

ELS ECV

(ELS EPLS ) (ECV EPLS )

ELS EPLS

ˆˆ ˆE E {( ) '( )( )}

ELS EPLS ( )

2tr{( ' ) '

g g

O n

n

 



   



   

 

   

  

 

ρ ρ

ρ ρ ρ ρ

ρ ρ

r r
ρ r ρ

ρ ρ

ρ ρ ρ ρ ρ

r ρ Γ Γ r ρ

Δ Γ Δ Δ Γ (2) (2) 1 2
NT 0} ( ),O n ρ ρ ρΓ Γ Δ

which becomes
12n q under normality.

S2.6.3 Bias correction of NTGLSρ

Recall that
(2) 1

NTG NGLS NT NGLS
ˆˆ ˆLS ( ) ' ( )  ρ ρr ρ Γ r ρ ,

1
NTG NTGALS LS 2n q ρ ρ and

1 (2) 1 1 (2) 1 (2) (2) 1
NTG NTG NT NT NT

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆTLS LS 2tr{( ' ) ' }n     ρ ρ ρ ρ ρ ρ ρ ρ ρΔ Γ Δ Δ Γ Γ Γ Δ , which

are valid only when T 0ρ ρ .

Under normality and T 0ρ ρ ,
2

NTG NGLSE (ALS ) ECV ( )f O n ρ ρ

and
2

NTG NGLSE (TLS ) ECV ( )f O n ρ ρ .

Under non-normality and T 0ρ ρ ,
2

NTG NGLSE (TLS ) ECV ( )g O n ρ ρ , which is the same as that in Subsection
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1.6.3 up to this order.

S2.7 UTLSρ by ULS for correlation structures

S2.7.1 Definition

Recall that
2

U NGLS NGLS ULS
ˆˆ ˆLS ( ) '( ) (1 / 2)tr{( ) }    ρ r ρ r ρ R P

( ULS ( )
ˆDiag( ) pP I is assumed).

Define
( *) ( ) * *

ULS U NGLS NGLS
ˆ ˆECV EPLS E E {( ) '( )}g g   r r

ρ ρ r ρ r ρ . In

this subsection T 0ρ ρ is assumed.

S2.7.2 Bias of NTGLSρ

Define
( )

U UELS E (LS )g r
ρ ρ . Then,

U ULS U U

1 1 (2) 2
0 0 0 0

ELS ECV ELS EPLS

2tr{( ' ) ' } ( ).n O n  

  

  

ρ ρ ρ ρ

ρ ρ ρ ρ ρΔ Δ Δ Γ Δ

S2.7.3 Bias correction of ULSρ

Recall that U ULS ULS
ˆ ˆLS ( ) '( )  ρ r ρ r ρ ,

and
1 1 (2)

U U
ˆ ˆ ˆ ˆˆTLS LS 2tr{( ' ) ' }n  ρ ρ ρ ρ ρ ρΔ Δ Δ Γ Δ .

( UALSρ and UCALSρ are not defined), which is valid only when T 0ρ ρ .

Under possible non-normality and T 0ρ ρ ,
2

U ULSE (TLS ) ECV ( )g O n ρ ρ , which is exactly the same as that in

Subsection 1.7.3 since by definition ULS UECV EPLSρ ρ in this case.

S3. Miscellaneous results

S3.1 Explicit expressions of the elements of
1

NT{ cov ( )}n s

It is known that
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NT , T T , T T T T{ cov ( )} {2 ( ) '}

(1 ; 1 ).

ab cd p p ab cd ac bd ad bcn

a b p c d p

       

     

s D Σ Σ D

We derive the elements associated with , ,a b cX X X and

(1 ; 1 )dX a b p c d p      for
1 1 1

NT , T T ,[{ cov ( )} ] {(1 / 2) '( ) }ab cd p p ab cdn    s D Σ Σ D . The 3 3

asymmetric matrix for the elements using double subscript notation is
1

NT ( , , ; , , )

T T T T
T T

T T T T

T T T T
T T

T T T T

[{ cov ( )} ]

1 0 01 0 0 01 0 1 00 1 1 0
0 1 02 0 0 0 1
00 1

1

2

aa ba bb cc dc dd

ac ad ac ad
ac ad

bc bd bc bd

ac ad ac ad
bc bd

bc bd bc bd

n

   
 

   

   
 

   



    
                                 

     



s

2 2
T T T T

T T T T T T T T

2 2
T T T T

( ) 2 ( )

2 2( ) 2 .

( ) 2 ( )

ac ac ad ad

ac bc ac bd ad bc ad bd

bc bc bd bd

   

       

   

 
 

 
 
 

From this expression, we have
1

NT , T T T T[{ cov ( )} ] (1 / 4)(2 )(2 )( )

(1 ; 1 ).

ac bd ad bc
ab cd ab cdn

a b p c d p

         

     

s

The result is confirmed as follows.
1

NT NT ,

T T T T

T T T T

T T T T T T
1 1

[{ cov ( )} cov ( )] (1 ; 1 )

(1 / 4)(2 )(2 )( )

( )

2
( )

2

2
( ).

2

ab ef

ac bd ad bc
ab cd

c d

ce df cf de

p p
ac bdab

ce df cf de
c d

ab
ae bf af be

n n a b p e f p

     

   


     


   





 

     

   

 


 


 





s s

(s3.1.1)
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When a > b and e > f, (s3.1.1) gives ae bf  ,

when a = b and e > f, (s3.1.1) gives ( 0)ae bf   ,

when a > b and e = f, (s3.1.1) gives ( 0)ae bf  

and when a = b and e = f, (s3.1.1) gives ae bf  .

This shows that ,[ ]ab ef is ( *) ,[ ]p ab efI .

S3.2 minimization of
1 2(1 / 2)tr[{ ( )} ]F  Σ S Σ

1 2
( )(1 / 2)tr{( ) }p

 I Σ S with respect to θ in ( )Σ Σ θ
1

1 1 1 1
( ) ( )

1 1 1

tr ( ) tr ( )

tr ( ) ,

p p

i i i

i

F

  




   

  

     
       

     

 
  

 

Σ S Σ
I Σ S I Σ S Σ Σ S

Σ
Σ S SΣ S Σ

2
1 1 1 1tr

i j i j

F

   
   

    
  

     

Σ Σ
Σ SΣ Σ SΣ (s3.2.1)

1 1tr ( , 1,..., ).
i j

i j q
 

 
   

  
   

Σ Σ
Σ Σ (s3.2.2)

For an iterative computation, (s3.2.2) can be used. However, (s3.2.1) seems to
give somewhat faster computation than that of (3.2.2).
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