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Supplement I to the paper “Asymptotic cumulants of some
information criteria” – Proofs and technical results

Haruhiko Ogasawara

This article is to supplement Ogasawara (2016) with proofs and technical
results.

Appendix. Proofs and technical results
A. Proofs and associated expressions
A1. Proof of Theorem 1

We obtain an expression of 2b which is different from that of Konishi

and Kitagawa (2003) with 1b being well known. For the expression, we use

the formula of the expansion of
*

W W
ˆ ( )θ θ X given by Ogasawara (2015a,

Equation (2.1) (see also 2015b for correction); 2014, Equation (2.4)):
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(k times of x),  denotes the

Kronecker product, and 1/2( )
( )

pO n
 indicates that ( ) is of order

1/2( )pO n

with other similar expressions.

The term

3
( ) ( )

0
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j j
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Λ l in (A1.1) (Ogasawara, 2010, Equation (2.4)) is

given from the following expansion:
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(3 ) (1) ( 1,...,4)j O j  Λ are defined

implicitly by
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2 2v '( ) [{v( )}']   M M ; v( ) is the vectorizing operator taking the

non-duplicated elements of a symmetric matrix in parentheses; and vec( ) is

the vectorizing operator stacking the columns of a matrix sequentially.
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where the terms of j = 4 in
4

1
( )

j
 of (A1.3), when the expectation is taken,

are absorbed in the remainder term of order
3( )O n

; and 2( )
E ( )g O n
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indicates that the expectation is taken up to order
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θ θ . When the model is true, 0=  Γ Λ I , where

0I is the population Fisher information matrix per observation. Under possible

model misspecification, the last three expectations in (A1.4) are given as
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where
1( )bc

bc  Λ . Then, from (A1.5) to (A1.7) we have (2.9).

A2. Proof of Corollary 1
Under canonical parametrization in the exponential family, it is known

that
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A3. Proof of Corollary 2
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(A3.1)

where ( )d  is the d-th row of a matrix and ( ) a  is the a-th column of a

matrix.
Under correct model specification and canonical parametrization, since
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which gives (2.12).

A4. Proof of Corollary 4
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sum of multiplicative functions of the powers of the arguments.
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which gives
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Consequently, (A4.1) and (A4.2) yield
* 1

ML ML

ˆ ˆ2E ( ) 2g l l n q    .

A4a. Proof of Corollary 5

Let
*
1c be the sum of the first three terms on the right-hand side of (2.12).

Then,
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the last term in (A4.3) becomes
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On the other hand, the second term on the right-hand side of (A4.3) is
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we find that the sum of (A4.5) and (A4.6) is
*
1c , which gives

* *
1 1 1 0c c c   .

A5. Expressions of
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MΓ and
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A6. Actual expressions of
1( ) 1( ) ( ), ,     I I IΛ Λ Γ and

( )
IΓ

Omitting terms with
(3) (3)
0 0, E ( ),g GM J J M and

(3) (3)
0( ) 0( )E ( )j g jG G in

(A5.1) and (A5.3), we obtain
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A7. Actual expressions of
(T1)d in

(T1)E {2(tr )}g  and
(T2)d in

(T2)E {2(tr )}g 
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where the underline with a number in parentheses indicates a quantity and the
negative number e.g., “ (4)...a  ” indicates a times the quantity which has

the symbol “(4)…” when the quantities with “ (4)...a  ” are summed.
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(recall (A1.2)).
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B. Expository notes in regression models
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When the Jeffreys prior is used,
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When the shape parameter in a regression model is unknown, p + 1 in place of

p in 1c and
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0q should be used.

B1. Logistic regression
1*

0 0 0

0 0 0 1 1

0

Pr( | ) (1 ) ( 0,1),
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, , ( ,..., ) ', ( ,..., ) ',

1 exp( ' )
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, ( 1,..., ),
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i i i i i i
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  
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θ β X x x y
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x β



35

1

1

1

1

( | , ) ( ) { log (1 )log(1 )}
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l
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


 


 x

β MLβ̂ is given by solving ML
ˆ|
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

 β β
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0 0 0 0 0
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
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β
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1
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1

( ) (1 2 ) (1 )
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n
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n

i ia ib ic
i

a b c d

a b c d

n

i i i i ia ib ic id
i

n

i ia ib
i

l
n x x x

n y x x x

l

n x x x x

n y x x x
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J
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( , , , 1,..., ),
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ML ML ML

1

1
ML ML

1
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1 1
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1 1 2
ML 1

ˆ ˆ ˆ2 2 { log (1 )log(1 )}

ˆ ˆ2 { ' log(1 )},

1
ˆ ,

ˆ1 exp( ' )

ˆAIC 2 2 ,

ˆ ˆCAIC 2 2 .

n

i i i i
i

n
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








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     

   
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   
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 x β

x β

B2. Poisson regression
*

0 0 0

0 0 0 0

1

1

Pr( | ) exp( ) / ! ( 0,1,2,...),
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n

i i i
i

l
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


 


 x

β MLβ̂ is given by solving ML
ˆ|
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
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0
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i
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 

  
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
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 
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  
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ML ML ML ML ML

1

1 1
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1 1 2
ML 1

ˆ ˆ ˆ ˆ ˆ2 2 { ' log( !)}, exp( ' ),

ˆAIC 2 2 ,

ˆ ˆCAIC 2 2 .
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
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  

     

  

   

 x β x β

B3. Negative binomial (NB) regression
B3.1 NB regression when the shape parameter r is known

*
0 0 0

0 0
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1

1

1
Pr( | , ) (1 )
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1

n
i

i i
i i
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






 
  

  
 x

β MLβ̂ is given by solving ML
ˆ|

l





 β β
0

β ,
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1 *0
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i
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ML ML
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B3.2 NB regression when the shape parameter 0r is unknown
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(note that the (p + 1, p + 1)th element of Λ is stochastic).
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B4. Gamma regression
B4.1 Gamma regression when the shape parameter  is known
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