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Supplement I to the paper “Asymptotic camulants of some
information criteria” — Proofs and technical results

Haruhiko Ogasawara

This article 1s to supplement Ogasawara (2016) with proofs and technical
results.

Appendix. Proofs and technical results
A. Proofs and associated expressions
Al. Proof of Theorem 1

We obtain an expression of b2 which 1s different from that of Konishi
and Kitagawa (2003) with b, being well known. For the expression, we use

the formula of the expansion of éw =0, (X") given by Ogasawara (2015a,
Equation (2.1) (see also 2015b for correction); 2014, Equation (2.4)):
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vI(M)™ =[{v(M)} T . V() isthe vectorizing operator taking the
non-duplicated elements of a symmetric matrix in parentheses; and vee() s
the vectorizing operator stacking the columns of a matrix sequentially.
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Expand —2Z_W and —21, as
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4
where the terms of j =4 in Z I () of(Al .3), when the expectation is taken,

are absorbed in the remainder term of order O(n);and E,()_, 2,

indicates that the expectation is taken up to order O(n™).
ol ol
Let I'=nE, 80 80 . When the model is true, I'=—A =1 where

I, is the population Fisher information matrix per observation. Under possible
model misspecification, the last three expectations in (A1.4) are given as
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where A =(A™),.. Then, from (A1.5) to (A1.7) we have (2.9).

A2. Proof of Corollary 1
Under canonical parametrization in the exponential family, it is known
that

o'l . o'l n3
(890)<j> — Ty (800)<j> (=2, ""),Whichgives ¢, of (2.11) from (A1.5)

with M = O (a zero matrix of an appropriate size) and J3’ —E,(J5") =0 The

results of €, =C;3 =0 are derived similarly from (A1.6) and (A1.7) with M =
Oand J§' —E,(J57) =0, respectively.
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A3. Proof of Corollary 2
Recalling (A1.2) for A®™® and A®™® in ¢ of(2.11), we have
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where (')d. is the d-th row of a matrix and (-)., is the a-th column of a

matrix.

Under correct model specification and canonical parametrization, since
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A4. Proof of Corollary 4
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sum of multiplicative functions of the powers of the arguments.
ol -
In the only non-vanishing term —2E, {—89 SOy — 90)} for the
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An alternative direct proof is given as follows. Let Z; (j=1..,n) be

independent copies of X and E,.() denote an expectation over the
distribution of Z" or Z;(j=1L,...,n). Then, by definition,

n

21y, =—2E,, {—’%Z(zj -%)'2(z, - %) —%log{(27r)q b |}1
=tr(Z7'E) +(py —X)' 27 (y —X) "+ log{(27)" | Z [}
=g+, —X)'Z7' (0, —X) "+ log{(27)" | 2},

which gives —2E, (I_I\ZL) =(1+n")g+log{(27)? | Z|}. On the other hand,

(A4.1)

n

—2Eg(fML) =-2E, [—%Z(xj -X)'Z7(x, —i)—%log{(Zﬂ)” p2 }1

=(1-n"r(Z'Z) +log{(27)* | Z|}
=(1-n")g+log{(2m)" | X |}.

(A4.2)
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Ada. Proof of Corollary 5

Let Cl* be the sum of the first three terms on the right-hand side of (2.12).
Then,
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00 0,(n?) 60O 600 0,(n")

_2( ol A(Z)l(z) _ E ol ' A(S)l@)j (AS8.1)
09, 0,(n>?) 9,

0,(n?)
_2[ -1 81— l(W)

00,'

0,(n?)
(111)
ol P (k)y(k) -1 (W) -~
o], [ e
0 0,(1)

k=1

3 <2>
= —VveC {A + (M) -1/2 }(_nlAqu + ZA(k)lgk) " nl(lE)W))j

k=1

_ —{n_zvec'(A)(A_lq;)<2>}0(n72)

_ zlznlvec'(A) {(Aqu) ® (Al 5—;]}}0 )

+2[n"vec (M) {(A7'q) @ (AP}, -, —{VCC'(A)(A | ;j_j }
o0,(n")

+2| vec'(A): A ® (A1)
600 1) ( 73/2)

) VCC’(A)< A—l ﬂ ®(A(3)lg3))
00, 0 ()

—{vec'(A)APIF) ™} o T2 {nlvec '(A) {(Al (%lj ) }
! 0

0,(n?)
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-2 |:nlvec '(M) {(Alq’g) ® (Al ﬂjH
00, .
0,(n™)
o\~ o1
—4 vec '(M)(A1 —) +2| vec'(M) {Al —) R (A1 )} ,
00, o ) 00, 0 )

(iv)
1 831_ 1 a =] 2 v (k =
— AT+ S AOLW
3(800 |)<3>( 0 kzz; 0

1 i o 5 <3>
= vee [E,IP)+{JI0 -E, (Jff))}op (nm)](—n 'A'q; + ZA“)lg")j

k=1

o0,

— \<3>
1 ol
+—| vec{E (JIN| AT —
Op(n’”)

— \<2>
—| vec"{E, (Jg)}q| A o ® (A1)
0,

— \<3>
1 ol
+—| vec'"{JY —E (JON| AT — ,
3[ { 0 g( 0 )}[ aeoj ]

— \<2>
- n1vec'{Eg(J$>>}{<Alq2>®(Al “ ] }
0,(n?)

0,(n?)

0,(n?)

v)

7 — \ <4>
1 o'l 1 ol
—— E 2" LADOW A — vec'E (J9N| A
12 g{(aeoy)<4>}( 0 ) 12[ { g( 0 )}( aeoj ]

— <2>
ol ., 0l , ,, ol
Using 3 0. A 0, = vec (A)(A la—eoj and similar results in (A8.1),

0,(n?)

(4.3) becomes
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A T 7T ol . ol
_2ZW = _2(10 )0(1) _2(10 - ZO )Op(n—l/z) +[ A 1—j
0,(n")

o0, 00,
o o 2 Alqy-2—— ol AP
0, 0,

(A)

—2n Vec’(A){(Al ;)®[A 188(; j}

' —li 2)y3(2) _ ' —lﬂ -
+ 2vec (A){[A 590j®(A I; )} vec (M)[A s j (A8.2)

0
1 ol )~
+ E (J{) A™
3vec{ ( )}( %j }

(A)Op(nfm)
—{n*vec'(A)(A 'q)) "}
(3[_ (3)y(3) -1 al— (W) -1 ' -1 _* (2)3(2)
+ —ZWA 10 — 2n Tlo + 2n"vec (A){(A q0)®(A l0 )}

(B) (Do (6] (3) ettt ettt ettt ettt et ae e ennan

+ 2vec'(A){[ 1;{; j@(A“)l“))} —vec(A)(AP1P)>
0

o(n™?)
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+2vec'(M) {EAI g—;j ® (A1 )}

3 C ) OSSOSO
+n"'vec'{E (J(3))}{(Alq2)®( Tl_j }
(B e (.) ..................
—vec'{E (J(”)}{(Al 0 j ®(A(2)l(2))}
“2X(B) et e e

— \<3>
1 ol
+—vec'{JV —E (I} AT =—
3 { 0 g( 0 )}( aeoj

— \ <4>
Lo L ol .
—vee {Eg(J(o‘”)}[A la—eoj } +0,(n"?)

Bo, (n)

-+ = ol ., ol
= _2(10 )0(1) _2(10 - lO )Op(n—l/z) +£80 'A : 89 j
0 0/o (n™H

— \<2> — \<3>
ol 1 ol

- M)| A™ +-vec'E (JON| AT

[ vec'( )[ oS J 3Vec{ (J5 )}[ GOOJ ]

30
0,(n"7)

_(n—Zqz |A—1q3 )O(n_z)

— \<3>
[VGC (A)(A(Z)l(z))<2>+;Vec JY —E (J(3))}(A 1aa(j j

— \ <4>
1 ol _
- vec'(E (J“”)}[A 189 j ] +0, (n?)
0,(n?)

*

= 2(1 )0(1)4‘2(11\/&1{)) 0 (7 (n qo (n72)+0p(n—5/2)
(1“5/)_[(1)’]_1 L),
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where the underline with a number in parentheses indicates a quantity and the
negative number e.g., “—a x(4)...” indicates —a times the quantity which has

the symbol “(4)...” when the quantities with “—a x (4)...” are summed.

In the last result of (A8.2), the first term for 1\54) can also be written as
vec'(A)AP1P)*

_VGC'(M){[Al ﬂj@[A 'MA™ ol j}
20, 29,
—vec'(E (JS))}{[AI i} ®(A ma- 2 J}
¢ 20, o9, (A8.3)

— N <2> — \<2>
1 ol ol
+—vec'{E, (I} | A" =—| ®ATE,(JP)| AT ——
7 Vet (o)) ( GOOJ { <(Jg )[ 69()} }

(recall (A1.2)).

A9. The derivation and actual expressions of Theorem 4

Kgl(n_lAICW)
=201 Yo, + 1 {nE (L) +2q} o0
+n 2 "B, (12 + 1) —q; ' A qg o, + O ™)
=—2l +n  {tr(AT'T) +2¢}
+nH{n’E (L) + 0 — 4y ' A7q} + O(n ™) (A9.1)
=21 +n"'alt +n ol +O(n”)
() = o) = (A7) +29),

Kqo (n_lAICw) = n_l[nE {(Ly (1)) oo
n_2[2n2E (I (l)l (2))+2n2E (Ly (1)1 O
+n’E {(hit )’} —(aan —29)°1+0(n™)
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= n_locIfAAL)2 + n_zaﬁfL)Az + O(n_3)
(nE, (L) = ony) —2¢ =tr(A7T))
(ays =ons =nE {(h)’ Y =4E {(, - 1,)*}

_ (A) _ (&)
—4varg(lj), Olyny = Olyiiar )

K, (n'AICy, ) =n [ n’E {(L\0)’} +3n°E {(h V' I}
—3nE, (ly oy 1+0(n™)

= ali +0n”) (el =aii))
Kgq (n”'AIC,,)
=E_[{n"'AIC,, —E, (n"'AIC,,)}']
- 3{71_10‘15/&)2 + n_zal(\4AL)Az}2 + O(n_4)
=E, {(n"'AIC, +21,)*}
+ 17 [~4 (o) —2g) s +3(ans — 29
+6(an) —29) s 1-3n7 (o)’
—6n" oM aly  +0m™)
=E, {(n"'AICy, +2[,)"} =3n (o)’
—n” {4(0515/1/1)1 - 2Q)a1£/1AL)3 + 60‘154?20‘15/312
+6aih) (al —2g)°y+0(n™)
=1L 1w {i (Bi) e, HAME A L)
+6m°E, {(hy )’ (hit )’}
+ 4n3Eg {(Z_NEIL) )31_1\213,)} - 4(aIE/IAL)1 - 2Q)a1£/fi)3
— 6ah s, —6ayh (o) —29)" 1+0(n™)

=+ 00r) (o =ail)
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B. Expository notes in regression models

For n'CAIC under canonical parametrization, from Corollary 2,

¢, =—vec'(I,HIV T, TP vec ;") — vee (I)A,) ™ vee(IH)
—vec'(JS)vec{(,')*}

P p
_ b y®3) (3) (3) d +be+cf  7(3)
== iy (Jo )(abc) (J )(def)lo Z Jo )(a,b c)lg iy iy (Jg )(d,e,f)

C
f=1 =1

p
- Z (Jg4))(a b d)lgblgd )
(I(_)l)ab =i"(a,b=1,..., p).

When the Jeffreys prior is used,

. lovec'm o),
q, = Ea—eovec(lol), (990,: = —(Jés) )(i,j,k))
* 2 ' '
o(q,), :lﬁ vec'(I) vee(l —1)_|_l ovec (I)
00,. 206,00, 2 06y 5901*
o’ (1), B
ﬁ =—(J 84) )(i,j,k,l*) ) 81_ =-I" il_l
00,,00,,. 00y 06y

G, 7.kl =1,..,p).

When the shape parameter in a regression model is unknown, p + 1 in place of

pin € and qZ should be used.

B1. Logistic regression
Pl'(y;k =y, |my;) = 7-[3/; (1 _7T0i)l_yi (¥, =0,1),
1

T, = , 0, =B, X=(X\,...X,), ¥y =15 1,) s
0i 1+ exp(—x, 'By) o =By (x, )Y = (Vs )
1
= ,0=p(=1,...n),
1+exp(—x;'P) 4 )
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F01X.y)=T(®) =T =n" Y {y,logr, +(1 -, log(1 - )}

=n" ) {yx,'p+log(l-m,)},
i=1

g e A ol

5_|3 =n ;(J’i —7,)X,, Buw is given by solving a_l; |l3=ﬁML =0 ’
ol 3

— =N (yi_ﬂ’-i)xi’

op, Zl '

azl_ _1 ! _1 ! %
A= =—n r,.(l1-7,)XX"'=—n K, (y.)xx.'=-I,

8[308l30' ZZZIZ 01( 01) i ; Z(yl) i 0
ol ol R . )
I'=nE, | — =n E '{(yi _7[1') }Xixi'
f(aﬁo GBo'j 2.5 ’

=0 Y my (1= m XX, =1, (var(y)) =7, (1= 7)),
i=1

0’1 L
J& = =—n"' 1 -2, ), (1—7,. ) x, X, X,
( 0 )(a,b,c) GﬂOaGﬂObaﬂoc ZZZIL( Ol) Ol( 01) ia”"ib""ic
=—n"' ZK3 (y:)xia'xibxic )
i=1

i~

(Jg‘) )(a,b,c,d) = 0!
aﬁOa aﬁObaﬁOCaﬁOd

n
-1 >
=-n Z(l — 671, + 670, )70, (1= 700, ) X, XX, X,
i=1

— -1 \ *
=—n ZK4 (V) ) X0 XX Xy
i-1

(a,b,c,d =1,...,n),
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—2I_ML =2n"' Z{yi log 7z, +(1—y)log(1 -7y, )}
i-1

=21 ) X, B +log(1= 7y, )}

i=l

1
1+ exp(—x, 'ﬁML) ’
W AIC =21, +n"'2p,

A

T =

2 A

n_lCAICz—ZlLML+n 2p—ng,.

B2. Poisson regression
Pr(y; =y, [ 4) = A5 exp(=25,) / ¥,1 (1, =0,1,2,...),
Ay =exp(X;'By), 0, =By, 4, =exp(x,'B), =P (i=1,...,n),

l_:n_lz{yixi "3_/11' _log(yi! )5
i=1

a e ol
a_B —n ;(yl. —-A)X,, BML 1s given by solving P |l3 Ba

5l30 _n_l,z:‘(yl 2)X%, (B, (0)=2y),

A
Ao, XX."==n""> kK, (y)x,x."= -1
 0B,oB," Z ° Z

ol ol N *
F:I’lEf(— j:n lef{(yi )}Xle =n Z;LOleXl =

B, B,
(var(y;) =4y),

i=1
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o'l L
J© = =—n"'Y A Xx X, X
( 0 )(a,b,c) 8,30a(9,30b8,306 ; 0i “Yia“"ib""ic

n

_ .

=—n ZK3(yi)'xia'xibxic’
i=1

o'l L
(J(4))a ed) — =—n" ;tixmxi Xie X,
D 0B,,0B,,0B,. 0By Z e

_ .
=—n ZK4 (V) ) X0 Xip X0 Xy

i=1

(a,b,c,d =1,...,n),
_2Z_ML = _27’_12 {vx 'ﬁm _AAMLI' —log(y; D}, iMLi = exp(X; 'ﬁML ),
i=1

n'AIC = —2Z_AML +n"'2p,
n'CAIC =21, +n"'2p-n2,.

B3. Negative binomial (NB) regression
B3.1 NB regression when the shape parameter r is known

* yi +r_]' Vi r
Pr(y, =y, |my;,r) = wo (1= 7y;)
I'(y.
L0 vy (0 =0,1,2,0),
Y !1I(r)

Ty = eXp(Xi 'ﬁo)a 90 - ﬁoa T, = eXp(Xi 'B)a 0= ﬁ (i = 1,...,1’1),
I =n"" {logT(y, +r)—log(y,) —logT'(r) + y,x,'B+rlog(l-,)},
i=1

g e T A ol
a—B =n Z[yi - -7 jxi’ By is given by solving a_ﬁ |B=ﬁML =0 )
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ol LIN (yi_l”” jx (E, (y)=rr, /| (1-m,)),

—=n
aﬁo i= - 7-[01’
ol - Iy,
= ':_n —l 1 l __n K(yl)xixi':_l’
oB,0B, 20y Z °

1 d 7"77:01- . « )
=n ——xx.'=I, (var(y,)=rx,/(1-7m,)"),
;(l_ﬂ_m)z [ 0 ( (yz) 0i ( 01) )
ol
(J<()3))(a,b,c) =
aﬂOaaﬂObaﬂOC

n 2
= —n_l ZI/'ﬂ'Oi { 1 ﬂ()l }‘xm-xlbx
(1-7y)° (1 7o)

i=1

= —I/l_1 ZK3 (y:)xmxibxic’
i=l1
" B o'l
(JO )(a,b,c,d) o 8,3 5,3 alg 8,3
0a 0b Oc 0d

2
+ XiaXipXicXia

:_n_Zﬂm {(1 ”ol)z (1- 7T01)3 (1-my)°

i=1

-1
=—-n ZK (yl)xzaxz ic zd

(a,b,c,d =1,...,n),
2y =—-2n""Y {log['(y, + )~ log(y,!) ~ log ()

i=1
+ VX 'ﬁML +rlog(l - ﬁ-MLi)’
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T = eXp(X, 'ﬁML)a
nAIC =21 +n'2p,
n'CAIC=-21 +n"'2p—n2é,.

B3.2 NB regression when the shape parameter 7; is unknown

00 :(Bo '9 I"O)', GZ(B'a I")',

I =n"" {logT(y, +r)—log(y,") —logI'(r) + y,x,'B+rlog(l-7,)},
i=1
n' n V- T x
i_ i=1 i 1_77:1' i
0 | & ’
n” Y {w(y, +r)—y(r)+logl—7,)}
i=l1
. ol
By is given by solving 5_B|B:ﬁML: ,
_ n' n e |y
ﬂ_ i=1 [J’, l-my )
00, 8
D vy +1)-w() +log(l-7,,)}
i=1
(Ef(y;k):’/bn—Oi [(1=1m,,)),
a7 ' aN Mo
_ n oy —2% o xx, no oy —2X—x.
A= 821 __ ;(1_7501')2 ;1_7[0,'
00,00, ' O Ty '
o n Y —x —nT D ' () - ()}
prl el 9 i=1
s

(note that the (p + 1, p + 1)th element of A is stochastic).

39



3 4
Non-zero elements of JE)) and Jé) are

o'l
(J<()3))(a,b,c) =
aﬁOaaﬁObaﬁOC
. 1 2r
=—n'Y nr, U _tXx X, X, ,
iZ:l: 07%0i (1_7[01.)2 (1 71_01) ia”vib~vic
831_ n T
J© = =—n"'y —Y
B =55, o~ B m
(a,b,c=1,..., p),
J(3) 831 | " "
(Js )(p+l,p+l,p+1) o —3 =N Z{l// (v, 1) —vw"(r)}
(note that the last element 1s stochastlc),
o'l
(J<()4) )(a,b,c,d) =

aﬂOa aﬂObaﬂOCaﬂOd

n 2
- _n_l Z’/E)TCOZ' { 1 2 + 67T0i 3 + 67r0i 4 }xiaxzb'xlc'xld
i-1 (I-7y) (A-m,) (I-my)
o'l
aﬁOaaﬁObaﬁOCarz)

-1 4 1 27'[0.
=—n To; >+ : 3 (Xia¥ip
i-1 (I-7my) (A-my)

(a,b,C,d = 19-"9p)9

(4) —
(JO )(a,b,c,p+1) -

84 - m m
(Jf)4))(p+l,p+l,p+l,p+l) or —~a N 12{1// (y; +1)—v"(%)}

(note that the last element 1s stochastlc),

7 AIC =21, +n'2(p+1),
n'CAIC" =21, +n7'2(p+1)—n2¢, (n"'CAIC” = n'CAIC).
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B4. Gamma regression
B4.1 Gamma regression when the shape parameter @ is known

S =y 1 Agn0) =y~ Ay exp(=Ay, v,) | T(a) (, > 0),
Ay, =X."By, 0, =B, .—x,.'|3, 0=p(i=1L..,n),
K,(y)=(-Da/A; (j=12,.),

T =n"Y (@~ Dlog(y,) +alog(4,) ~ 4y,} ~log (@),
i1
ol [« ol
8_|3_n ;[I_J’Z) X BML is given by solving op |[; Ba 0,
T

. 1[——% x, (E,(y)=alk,),

_ =Sy X,
_aﬁoaﬂo Z (X)X

i

:—n_IZK (y)xx.'=-I,

- — 2
r:nEf (ﬁ a vj:nlef (y,*—ij Xixi'
aBo aB() i=1 A‘()i

= n_laz =1, (var(y;))=a/k,),
i=1

0i

—
0l n_12azx’“x’§’x ,
aﬂOaaﬁObaﬂOC . ﬂ‘ ’

i=1

3
( ( ))(abc)

=—n" ZK( yl)xm X, X, =n ZK (J’,)xm ibXics
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@41_ X X, X. X.
-1 ia”Vib*Vic”Vid
601y~

J(4) = —
( 0 )(a,b,C,d) 8ﬁ0aaﬁ0b5ﬁ0caﬁw i=1 i

_ -1 < * _ -1 < *
=—n ZK4 (_yi )xia'xibxicxid =—n ZK4 (yi )xia‘xibxic'xid
i=1 i=1
(a,b,c,d =1,...,n),

20y =20 (@ —~1)log(y,) +alog(hy,) ~ Ay} +2logT(@)

e

A =X, Py
n'AIC=-2L, +n'2p,
-1 7 -1 24
n CAIC=-2[, +n 2p-n—c,.
B4.2 Gamma regression when the shape parameter &, is unknown
0, =(B," ), 8=(p', ),

T=n"S {(a~1)log(y,) +arlog(A) - 4,y,} - logT(a),

n_ln g—y X
ol S\ )

50 "
n' ) log(Ay,) —w(a)
i=1

. ol
By is given by solving 5_I3 |[3=[§ML -,
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e 9
az_ n A (T_yijxi
—_ = =T (Ef(yi):ao/ﬂ“Oi)’

00 n
D n Y log(Ay,) —w(ey)
i1
n'a Z —n_lzn: Xi
o or /102, T Ay
00,00, & X S
0~™0 —n 1 i l//'(Olo)
i=1 ;tol'
Non-zero elements of JS) and JE)4) are
ol X, X, X.
J& = =n ' 2q, Yy —alibic
( ’ )(a,b,C) aﬂOaaﬁObaﬂOC 0; 13'
ol X X
J(3) — =—n ia”"ib
o e =55, ap 00, Z %
(a,b,c=1,..., p),
o'l
3) _ _ n
Jo )(p+1,p+1,p+l) _?ﬁ__w (),
o'l X, X, X, X,
(J(4))a = :_n—16a ib"vic™id
D 3By, 0B, 0B 0By Z Ao
ol X, Xy X,
(J(4))a o = ia lb
v ebertd aﬂOaaﬂObaﬂOCaaO Z1
(a,b,c,d =1,...,n),
o'l

(4) B B
(Jo )(p+l,p+l,p+1,p+l) = o’ =y m(ao),
0

7 AIC =21, + 1 2(p+1),
n'CAIC =21, +n™'2(p+1)—n%¢.

43



References

Konishi, S., & Kitagawa, G. (2003). Asymptotic theory for information criteria
in model selection — functional approach. Journal of Statistical Planning
and Inference, 114, 45-61.

Ogasawara, H. (2010). Asymptotic expansions for the pivots using
log-likelihood derivatives with an application in item response theory.
Journal of Multivariate Analysis, 101, 2149-2167.

Ogasawara, H. (2014). Optimization of the Gaussian and Jeffreys power priors
with emphasis on the canonical parameters in the exponential family.
Behaviormetrika, 41, 195-223.

Ogasawara, H. (2015a). Bias adjustment minimizing the asymptotic mean
square error. Communications in Statistics — Theory and Methods, 44,
3503-3522.

Ogasawara, H. (2015b). An expository supplement to the paper “Bias
adjustment minimizing the asymptotic mean square error” with errata.
Economic Review (Otaru University of Commerce), 65 (4), 121-130.
http://www.res.otaru-uc.ac.jp/~hogasa/, Permalink:
http://hdl.handle.net/10252/5427.

Ogasawara, H. (2016). Asymptotic cumulants of some information criteria. To
appear in Journal of the Japanese Society of Computational Statistics.

44



