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Supplement II to the paper “Asymptotic cumulants of some
information criteria” — Asymptotic cumulants of the studentized
information criteria and Example 1

Haruhiko Ogasawara

This article 1s to supplement Ogasawara (2016) with asymptotic
cumulants of the studentized information criteria and Example 1.

S1. Asymptotic cumulants of the studentized estimators of —21_0*
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Asymptotic cumulants of l‘é? ' =n"? (n_lAICW + 21_0*) / (\3&? ))1/2 under

possible model misspecification are obtained in this section. Define
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Then, the expansion of f\(;v) 1S summarized as
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Ogasawara, 2009, Subsection 2.A.2.2),
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-1 j A —1 2 T (D)\2 1 1 -1/2
e { o (@) +20°E, (Y VO mO} (el
(A)

zE{ L {20V m® + 10 )+ v 'm®)
(S1.13)
(B)

(A)

#0720 (-A D) v 'm® ) }(aMLz)”

(B)
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2 72 (A) 127 (D) (1) M 7 (DM (12
+n Eg{leL oV bV 'my” + (L v 'm )

A2{a) —2tr(-ATD)Hongy) ™ e + (@)’ } O(n™)
(A)
=l+n o0, +0™) (j=1,2)

(Ty _ (T _ (A _ (A _
(a(z)Wz - a(r)MLz - a(r)wz - a(z)MLz - 1)’

where 2tr(—A_ll") was 2¢ in the case of t\({? ) though
o) —2t((=A"T) = ayy) —2¢ = tr(A'T) = nk, (') is unchanged.

. -1/ -3/
Ko () =1, +O0(n™7)

(T _ (T _ (A _ (A (S1.14)
(a(z)ws = Cpmz = Apyws = a(t)ML3)

(the result is common to t€$ N(j=12) ).

(To)y _ -1, (A) -2 (Toy _ (T _ (A _ (A)
Koa(ty ") =10, OM7) (Qywa = Qe = Qywa = Lymia) (S1.15)

(the result is common to l‘\(; 7(j=12) andis given as in (S1.9); see the
parenthetical note after (S1.9)).

S2. Interval estimation of —210* with higher-order asymptotic accuracy

(A)
S2.1 ly
Ogasawara (2012, Equation (2.5)) gave the general result of the lower
endpoint of the one-sided confidence interval (CI) with the third-order

. (A) . . . 7*
asymptotic accuracy. When fy~ is used for estimation of —2/; , the result
using the Cornish-Fisher expansion gives the following endpoint:
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~ 32N -] ~1/2 f A(A) \1/2
L(a;n " )=n"AICy, —n" ""(ay,) 2,

~1, ~A(A) \1/2 ¢ A (A A (A 2
—n (al(\/lL)2 {a((t)lz/lLl + (a((t)lz/ILS /6)(z; —1)}

1
32 4 A(A) \1/2 ~(A) ~(A) \-1/2
—n " (O 5 Aywar ~ 2(ayy5)

—_ -1 ~ACA ~A(A )
X1naCoVg {n AICW,OC((M)/ILl + (Oc((,)134L3 /6)(z; —1)} }Z&

3 3
A Z 5 . z> oz
"‘(a((t?l\)/m)z ———+—z +a((§134L4 y it (2D
18 36 24 8

Pr{-2[" > L(a;n” ")} =a+0n""?),
j (1/\27)exp(=z* /2)dz=a (0< é < 1),

where the estimators with carets except acovg (+) are consistent ones of the
population counterparts that do not depend on #; the first two terms on the
right-hand side of the first equation of (2.1) give the endpoint of the usual Wald
CI with the first-order accuracy; similarly, the first three terms give the

—

endpoint with the second-order accuracy; and acovg(+) is the consistent

estimator of aCOV,(*), which is the asymptotic covariance of order O(n™")
for two variates and will be given next.

Note that
nacov {n" AICy,,d¢\w, + (Qows / 6)(z2 —1)}
=nacov, {n_lAICW,O?fwAL)1 (dIEAAL)Z 2 d&;Mleé 22)
+(1/6)ap) (anh) " (22 - D}, |

) ~(A) _ A(A)  &(A) \-1/2 ~(A)
since Qe = Oyt (O T Qpymer and

s(A) oS (A) 8 (A) 32 ~(A)
A iynrs = Oz (O + 60 11, where
”_1AICW ==2(ly Jou =2, =1 )Op(n_l/z) +0, (") will be used. For the

estimators in (S2.2), the estimator of tf(A_lr) 1s required, which is denoted
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by tl'(/A\;éfW) and tr(—ii;“‘li(v?) , and will be defined in Subsections
S2.1.1 and S2.1.2, respectively.

S2.1.1 The result using tr(A;\}FW)
Preliminary results including repeated ones are

n / A) \-1/2 1 1 -1
GO = (@) +(V()'m(v))0p(n—l/2)+0p(n ),

32 A) \-3/2 A) V1741 1 =
(alg/ﬁ)z = (0‘1E/1L)2 + 3(0‘1(\4L)2) (v 'm(v ))OP(n—uz) +0, (n),

A ~A (A 3/2 1 1 -1

Ghs =y = 2Ayy) " (VM) ) 0, (n7), (S2.3)
~(A) \1/2 A N2 (A (o 1 =

(aIE/IL)z = (0‘1(\/1L)2 1(\/IL)2 (v 'm ))0 Wy T 0,(n),

nacov, {h, r(AyEy)} =ncov, {h, — (™), .}

=—ncov,[I, tr{(— Ay —A” IF(A)}O o2y ]

:—ncovg{ Z_O,t{ A'MAT -ATE (J(”){ (Alaaé jHr
0

(A) (B)
-1 d 3) 1 51
-A MG_ZEg(GO(/)) A ’
= 80 ;

(B)(A)

=—vec'(A"'TA " )vec{ncov,(M,],)}

+tr] E. I (A'TAH®IATE %z.
g\ o0 g 590 0,

(A)

: TR ; ol +
+A"'nE, (M) - A lzlEg(GEf()j)){A 'nE, [54’}} }
/= J

0 .
(A)
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7 A-l
nacov ,(fy, Ay)

=ncov, | l,~A"MA" +A"'E (J“)){ [AI; )H
0

'®IATE alf'l
‘a0, )f |
0

E {(,-1,')}= n—IZisvj —3n—12i;jz_w +21,

=—A""ncov (I, M)A +A"'E (J5")| A”

wvar, () = v, (50 = iy

=n" Zl§j+n13Zl§] o (9 -0,)

I ol; - - a4
—3n IZ{I& +2[°faTj'(0W OO)HZO +{$(9W —90)} ]
j=1 0 0 0,(n™")

+2/° +{6l_02%((§w —90)} +0 (n")
0 0, (™)

=n—1f13j —132 fAl Z—3n—1il§jz_0
J o j=l

Lol 5
<0 ae A 20, '

+6n"

+617 (1, - 1)) +0,(n™),

= , Ol al,
nacovg[lo,Eg{(loj—lo)}]:covg(loj, )—3E, 0’80 ATE, 801

—3cov (12 [ )Z*—3Eg(léj)varg(loj)

0270,

o\ ol — =
+6E, | [, 50, ATE, 8—001()j ly +6l," var,(l;,),
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0j 800 ~ j aéw
a5, al, 6. —0,) o, ol 6040 o
=n e - + ' - +0 (n
| o8, " [ |ee, o808, " " g
n ol -, 7
=\n'> 1, —L +4(I, A+T) AL +0, (n™")
=% 20 0 L7
J 0 /o, 1) 0/7J0,n

i L 7k = ok al % ]
=Y AL+ Uy, - L) =L —1(l I()+FA—1)ﬂ
j=1 / 80 0 1 ae -1/2
L , (1) 0,(n"")

0 0

_ {nli(lo - TO*)%} _ [FAI a%lj +O (n™),
/= 0Jo,m 0/0,(™?)
(A) ol .
E, (8;90 j =8E, (loj ﬁj (see (S1.5)).
ncm%{gj%[émloj}—E %%.—En%gl}—FAlE[?2LQ)
00, i 00, “\oe, )
Then, the three asymptotic covariances giving the last result of (S2.2) are

shown one by one as follows. The first asymptotic covariance for (52.2)
reduces to

nacov, ™' AIC, , ) (G4 ")

—_2n acov, [l_o , {tr(lA\;,[lLlA_‘ML) +2q} (&&AL)z —1/2]
=—2n acov, [l_oa {tr(A_lr) +2q - (trfl) )Op(n—l/z) }(&15/1[1)2 )_1/2]
= 2{tr(A"'T) +2¢g}nacov . {l_o, (@) (524)

7 1 A -1/2
~2ncov, (h, i) (ali,) .

The second asymptotic covariance for (S2.2) is
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1 aw)
nacov,(n AlC,, (At)MleJ

— i = ol 5
=—2nacov | L,,=2v""T4E_{(/,; — [, )}E 09, 'ZOJ “a

— A(A) \=3/2 /aVT"_I
=2nacov, | I, (Qy»)" 1-LE, S0 [
0
———— (a, ||,
<{4E_{(l, — I )'1.E, . L |b ]z

ov'?
=2| nacov, {l,(&inh) "4 -LE, - (A

4E {(l,. -1 )\, E alfl
g{(()j O)}a g a00,0/'

(A) \-3/2 ov'
+ (Qys) E, 20" nacov (ZO,AML)

0

(Y o,
+nacov, | [,,8E, 690'10j A" E, 0’6—90

(S2.5)

(A)
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(4)
sl e (20
0

_ NETR
x| 4nacov [, E, {(l,, — I, )’}],nacov, {IO,E (89 'lojj} z..

[\

(A)

The third asymptotic covariance for (S2.2) is
-1 ~ (A A) \3/2 .2
nacov, {n" AICy,, (1/6)dy;(dy’) " (z2 — 1)}

:—2nacovg{ l_o,{ —8E, {(,,)"} (S2.6)
(A)
+34aM tr(A Ty, ) +2 % 4E (il JA‘ E (ﬂl j
O ML ML 70 [FTML 07
¢\ 00, 100,

z2 —1

SR Rd (@ |
(A)

:—Znacovg{ lo,{ —8E,{(l,,)"}

(A)

/,al.\,\_ T R _3/ Z;-l
+24Eg[89(j)vlojjAMlL g(aejol J :|( 1(\/[AL)2)32 :| 6

(A)
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:_2{ { —8nacov [/, m]

(A)

_ la ol
+48nacov <1/, E [t ATE, | ==,
g g 890' J g 890 J
ol . — A ol
+24E / .jnacov (I,A, )E (—jl j }( )
g(aeo"” S ETRD B

ol - (al
A'E,| =11,
00," " 00,

2
- —1
xn acovil, (&))"} }Z‘”6 .

{ —8E_{(l,;)’} + 24E, (

(A)

S2.1.2 The result using tr(—I(V;AHI(\;’)
Preliminary results are
nacov, {1, tr(~I5Y I8 = nacov {Z_O, —(tr{™) 0 i)

=—nacov [I,tr{(— A;"“)I - AIF(A)} )]

=—nacov,| [,tr| —A"E (J7)J AT ®| AT — or r
g a0,

(A) (S2.7)

30



| E,(J)

ol
(ATAH® {AlEg [—fzo ; j}
00,
(A)

Y : ol
~A"Y E (GY){AE, | —1,
= o0, )]

and

nacov,, (I,,— I;V") =nacov, {IO, A"'E (J(3)){A ®£A laa(j ]H
0

-1 -1 ol
AT®IATE, | =L |-
00, "

Then, the first asymptotic covariance for (S2.2) is
nacov {n"'AIC,,, ) (dygh) "}

= 2{tr(A"'T)+2gn acov, (o, (&)™)

—2ncov, (L, —tr™) (a2,

where the last term is different from that of (S2.4).

= AE,(")

(S2.8)

The second asymptotic covariance for (52.2) 1s
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-1 5 (A)
nacov,(n AlCy, &yu12; )

A /2 5V(A) 1
=2| nacov, {l,(&ih) "4 -LE, - (A

(A)

'

4E {(! l E, all
4B, ~BVLE | 25

(A) \-3/2 ov' S(—A)-1
+(ay>) E, 50 " nacov (loa_I ML)

0

N ol
+nacov, | [,,8E, | —L1,, [ |A"E | [,, =L
00, 00,
oyt
_|_(a(A) )—3/2 {_I,E ( 'JA—I}

X 4naCOVg[ZO>Eg{(ZOj_lo )3}],nacov {lan ( l j} Zé’

00,' "’

(A)
(S2.9)

where 71aCOV (Z _I( A) ') was nacov ( ML) in (S2.5).

The third asymptotic covariance for (52.2) is
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nacov {n" AICy,, (1/6)ay;(dys) " (z; — 1)}

a

:_2{ { —8nac0vg[l_0, Em}]

(A)

F g (O, Waog (&
+48nacov, 4/, E, 890'10j AE, a—eoloj

ol . ol
+24E L] .]nacov (L, ~I,V"HE (—f l ] }(&W )2
g (690' 0j g\o0 ML g 690 0j ML2

{ SE {(l,.)’}+24E (alf / ]A‘IE (alfz H
g W0y g 690' 0/ g 890 0/

2
_ 2 1
xn acovil,, (@))%} }2“6 .

(A)
(S2.10)

7 F(=A)-1 7 A-l
where naCOVg(ZOQ_Ig\/IL) ) was naCOVg(loaAML) in (S2.6).

22 ty"(j=12)
The endpoint using tw”(j=12) corresponding to (S2.1) for ty s
L(a;n™?) = n_ITIC%) —n " (OACIE/IAL)2 12 Zs

1A /2 ¢ A(Te R
—h l(ali/f‘L)z)l ? {a((glv)[u + (a((tl)?/m /6)(Zé -1}

1 |
32 4 A(A) N2 A (T /) A(A) \-1/2
—n (A s |:E{ a(z)\{mz —2(ay»)
(S2.11)

xnacovg {n~ AlCy,,d\m, + (G s /6)(z5 =D}z,

o
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. Z; 5 . Z; z, ,
ity (- 2 e -2 -1

& (Te) ~(T ) 5 (A) & (A) . (A)
where Xvi1 and Qpywar were Xpvir and Xgywaz in (S2.1) for Ly,

. ~(Te) . . (T+)
respectively; and &y yw; 1s an estimator of &)1 common to
n 'TICY (j=1,2).

First, we have

nacov {n TICY) &5, + (G s / 6)(z; —1)}
=nacov, {n_IAICW,dSL'f(dﬁfL)Z 2y d((A‘XMUZé ($2.12)
+(1/6)as (@) ™22 D} (=1, 2),
where
a(giiu = O‘gL%(alifL)z g a((AAt;MLI = tr(_A_lr)(algfL)z 2y a((AAt;MLl

Ay _ ., (A) (A) \-U/2 (A)
was % )mei = Oy (O T X ame

= {tr(A"T) +2q} (o) " + )

ML2 oMLl 1n (S2.2) with the reversed sign of
tr(A_lI’ ) and an additional term 2q. Note that in (S2.12) the first argument,

n_lAICW , 1s used in place of n‘lTIC(vé) (/=1,2) and consequently, that

only the first covariance in (S2.12) is different from that in (S2.2). So, in the
following, we show only different results.

S2.2.1 The result using tr(—A{,;lﬁ‘W)

The first asymptotic covariance in (S2.12) is

1 A(Te) r A(A) \-1/2
nacov {n AlC,, oy (ay;) 7}

=-2nacov, {Z_O, tr(—lA\K;LfML )(Gan)

aML2

=—2nacov, [L, {~tr(A"'T) + (tr'™) 0 (nm)}(dlfﬁ)z )]
=2tr(A"T)nacov, {l, (dys) "} (52.13)

—2ncov, (I, try" Y ays) .

34



S2.2.2 The result using tr(Ly, "V 7'L)
The first asymptotic covariance in (S2.12) is

nacov, {n'AIC,,, &) (&)™)

=—2nacov, (0, r(@A,V T (@) ™)

=—2nacov, [l_o, {—tr(AT'T) + (trfz) )OP (n_1/2)}(aAIE/IAL)2 )]
) o $2.14

=2tr(A" T)nacov, {,, (dy,) """} o

—2ncov (I, try™ ) oy ).

S3. Asymptotic cumulants of the studentized estimators of —2Eg (Z_\;)
s3.1 nAIC,,

Recall that
w  n(nTAIC,, +21)) e NH{nTIAIC, +2E (1)}
by = (P72 and v = (P2 (S3.1)

where 2E, (Ily) =2l +n"'tr(A"'T) +O0(n*) . In this subsection, the

: A)* : A :
asymptotic cumulants of l\(;v ) corresponding to those of f\(N " are given. Only
the following two asymptotic cumulants are different from the latter. First,

(A _— (A (A) \-1/2 (A)
Ahywi = Ay (eavy T QM
= (AT 4 20 (@™ V2 4 g™ (S3.2)
= {2tr( )+ 2q} (o, A anymL
A)* . .
for t§V " while earlier we had
A _ A) (A) \-1/2 (A)
Aywi = oY (odvins T QML
. -1 (A) \-1/2 (A) S3.3
= {tr(A"T) +2q} (o T Qi (53.3)

for 1y . The above results give
(A _ (A) -1 (A) \-1/2
Aywi = Xywr T tr(A ) (o, . (S3.4)
Note that in (S3.2) under correct model specification,

A Z 2t (A'T) +2¢g =0

aMLl
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Second,

A)* A A) \-1 2 T2 (1 1 A) \-172
a((z)v)mz = al(\/IL)AZ (al(vm)z) +2n Eg {(ZI\/EL)) v 'm(v)}(al(v[L)z)

w2k, IR L v )
(B) (S3.5)
+n"' 2g+tr(A7'T) v’ 'm!” } }(aﬁfgz )
(B)
+1°E 2057 (o)™ B v ' m + (g v 'm0y
_{2(0515/&)1 - 2Q)(O‘1(\?L)z e O‘((AAz;MLl + (a((AA;;MLl )2}
for ty , where the factor (2¢ +tr(A™T)) in (][3)' (]]3) was 2q for 05((3\?%2
of f&? ) (see (S1.7); the factor (OCIEfL)] —2q)(= nEg (l_l\ﬁ) )) in the last term
—1{} is unchanged), which gives
a(%£A2 = a((t?\%/AZ + 2tr(A_lr)(a§AAi)2 )_1/2 nEg (I_I\/Ell,) mil) ')V(l) . (S3.6)
As mentioned earlier, the other asymptotic cumulants for f\({? " are the

A
same as those for ts)v ).

(A _ (A _ (A _ (A _
Ainywr = Ciomer = Xywa = Epmer = 1,

(A _ (A _ (A _ (A . - (S3.7)
Ay = O = %oy = Oy (J =3, 4).

§3.2 n 'TICY'(j=1,2)
Recall that
ap_ n(m 'TICY +2/))
YoM
(T n'’ {n_lTIC%) +2E, (l_v;)} =1 2
and ‘w T (‘;&x))l/z (=1, ),

(S3.8)

where as before 2Eg (I_\;) = 21_0* + n_ltr(A_lr) + 0(’7_2) . In this subsection,

: T j)* : T :
the asymptotic cumulants of t§V /) corresponding to those of ts)v 7 are given.
Note again that only the following two asymptotic cumulants are different.
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First,

(Te)y* — (Te)* ¢ (A) \-1/2 (A) — (&) (Te)* _
iy = Oyr g (O + Oy = Yanvnr (A =0) (S3.9)

for 1y v (the result is common to ty =12 ) while we had

(T _ (T (A) 12, (A _ —1 (A) \ 12 (A)
Oyt = Oir 1 (> + Qs = (AT (o, T Qv (S3.10)

Te .. (To)y* _ (T -1 (A) \-1/2
for f\(;v) giving Anwi = Xywi +ir(A (o) .

Second

iy N ¢ (A) \-1 2 T2 [ 1 A) \-1/2
Ol = iy (Qrs) ™ +20°E {(hy ) v 'miY ) ()

2 7O 7@ () | 7M =1o0) | (21 1(2)
+2n Eg{ IML{ Ly vV''m” +L, (nng +v7''m"”)

(B) (S3.11)

b ATy ) }m;;;g Y
(B)
2 7(2) (A) =127 (D), (D (D) 7 (), (D (1\2
+n Eg{leL ((eavhe iV 'm” + (g v 'm )

T. -1 A) \-1/2 (A A 2
_{z(al(\/ILi _2tr(_A r))(alg/IL)Z a((AtiMLl +(a((At;ML1) }

for ty” (j=1,2) , where the factor tr(~A"'T) in (]E)‘ (]]3) was

2tr(-A"'T) for 05((;\{/)& of 1" (see (S1.13); the factor

(ayy) —2tr(=A"T))(=nE g (Z\E) )) inthe last term —{-} is unchanged),

which gives
Tj* _ (T -1 A) \-172 T (1) 1y (1
a((t)VJV)A2 = a((t)\{V)AZ +2tr(A" T (s nEg(II\/EL)mE)) W (S3.12)
: : : A)*
As mentioned earlier, the other asymptotic cumulants for l\(;v " are the

A
same as those for ts)v ).

(T _ ,(Toy*  _ _(To) _ (T _
Ainywr = Caomer = Xywa = Epmer = 1,

(Te)* (To)* (T+) (T+) (A) (A) (k=3,4) (S3.13)

Aiywre = Ciomer = oywr = Fomere = Caoywe = Eiomik

(the results are common to 2y, j=1, 2).

S4. Interval estimation of _ZEg (Z_\;) with higher-order asymptotic
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accuracy

s4.1 ty”
. ~.o32N . . 5 (A)
In the endpoint L(&;7n"7) in(S2.1) by f\({? : , replacing &me1 and
5 (A) 5 (A)* 5 (A)*

Aiywar with v and &ywaz , respectively, we have the corresponding
endpoint for —2E, (ZA\;) :

L(a;n?)=n""AIC,, —n""*(a\}))" z,

-1 (G G + (Gl 1 6)(z; D)

1
1312 4 A(A) 12 A (A)* A(A) \-1/2
—n " (A {5 Aiywar — 2(ay,)

————

-1 A (A)* A (A 2
xnacovg {n" AICy,, a0, + (A s / 6)(z2 — 1)} }z&

. z. 5 . Zg Z;
s (S o a3 |

This change gives the following changes in 7aC0Vg{} of (S4.1).

(S4.1)

98]

S4.1.1 The result using tr(—/A\{;fW)

The result by f&? : corresponding to the first asymptotic covariance of
(S2.2) by £ is
nacov, {n” AIC, ) (4"}
=—2nacov, (1, 2tr(AL T, ) +2g3(a) ]

= =2nacov, [}, 2tr(A"T)+2¢=2(tr;"), o M) ]
=—4{tr(A"T) + ¢}n acov, (0, @n)y"y (S4.2)
—4ncov, (I, —tr™)ainy) ",

: A o
where the last two terms are different from those by l\(;v " for estimation of
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—21," (see (S2.4)).

S4.1.2 The result using tr(—i(v;A)‘lii?)
The result by f&? : corresponding to the first asymptotic covariance of

(S2.2) by fy s

nacov, {n ' AIC,, ar(ais )"

= —2nacov [I,, 2t (-1\V'IW) + 2g}(an) ]

= —4{tr(A"'T) + g}nacov  {I, (d\y,) "} (S4.3)

—4ncov,, (I, —tr{™ ) (ogs) ",

where as before the last two terms are different from those by f\({? " for

estimation of —21_0* (see (S2.8)).
From (S2.4), (S2.8), (S4.2) (corresponding to (S2.4)) and (S4.3)
(corresponding to (S2.8)), we have

nacov {n"'AICy,, & v, + (s / 6)(z; — 1)}
=nacov{n"'AlCy,, & v, + (s / 6)(z; — 1)}
—2tr(A"T)nacov, {f,, (Ag5) ™"} (S4.4)
=2ncov, (, ") eh) ™ (=1, 2),

where j =1 and 2 correspond to the results in Subsections S4.1.1 and S4.1.2,
respectively.

S4.2 13" (j=1,2)
~. -3/ N
In the endpoint L(a;n ’ 2) in (S2.11) by tw” (j=1,2), replacing
A(Te A(T i A (Te)* ~A(T 7)*
a((t)lv)m and a((t)\J)v)Az with a((t)lv)[u and a((t)\J)v)Az, respectively, we have the

corresponding endpoint for —2E g (Z_\;) :
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~.. =3/2\ _ -1 @) -1/2 y ~(A) \1/2
L(a;n™")=n"TIC{, —n"""(0yy,) "~z

1y ACA) N2 ¢ A(To)* A (A 2
—n (al(\/[L)2 {a((t)l\/)ILl + (a((t)lz/lm /6)(z; —1)}
1 |
32 4 A(A) \I/2 A (T j)* A (A) \-1/2
—n " (A, |:5{ a(z)\{mz —2(ay»)

——

-1 A (Te)* ~A(A 2
xnacovg {n" AICy,, dyu, + (G / 6)(z; — 1)} }Zd

. Z; 5 . Z; Z ,
s (- e 5% )| 010

——

This change gives the following changes in 7aCOVg{-} of (S2.11). Since

o (Toy* (T
Oyt = O = 0 )

(S4.5)

T AT A(A) V=172
nacov  {l), dyy) (dyy) "7} =0 (S4.6)
corresponding to the first asymptotic covariances in (52.13) and (52.14) for the
estimators of —210* by f\(;g N(j=1,2) , which gives
-1 A(Te)* ~(A 2
nacov {n" AlCy,, &, + (s / 6)(z; — 1)}

=nacov, {n_lAICW9 OA‘((t.)Tl\iu + (OAC((S‘K/M / 6)(20%5 -1}
—2tr(A ' Tnacov  {l, (diny) "} (S4.7)
=2ncov, (b, =ty Yoy, (=1, 2),

where j = 1 and 2 correspond to the results in Subsections S4.1.1 and S4.1.2,
respectively (compare (S2.13) and (S2.14) with (S4.6)). Note that the last two

terms in (S4.7) are equal to the corresponding terms in (S4.4) by f\({? "and

(A)*
Ly .

40



S5. Example 1: The exponential distribution with the MLE of its
parameter when the gamma distribution, whose shape parameter is
unequal to one, holds

S5.1 Preliminary results

f(x =x|4,) =2, exp(=4,x) (x>0),

g(x" =x|A,a)=x""A"exp(-A4,x)/ T(a) (x>0, a#1),
0,=A=A/la, O, =1/%,

(E, (x¥)=1/4,, nvar,(x) = 1/ 1)),

C.’() :(aa/%)'a
Eg(f)za/A=1/io,nvarg()_c)=a//”tf, (S5.1)

(navar, (éML) = (aéML / Ox |)?=l/}.0 )'n var,(x) = 2oke =2,
navar, (0, )= (00, /&% |._,, )’ nvar,(¥)
=A@/ )=o) (a/A)=21a’.

Forj=1,...,n,
[y, =logiA, exp(—Ayx;)} =—=Ax; +log 4y, [, =—A,x +log 4,

7 27 2
i:i—f:— f—g ’A:/I:alz:— 12:—%:—a—2,
a90 90 2"1 a90 /10 j"l

I'=y=nE {(81] }—nE {(l—xj }_a’
¢ |\ 06, ¢ 118, A7
(nvar, (1)) =A; var,(x,)=A7(1/ A7) =1),

nvar, ([,) =2, var,(x,)=Aj(a/2})=(A4 [ a)(a/A})=1/a,
Iy =B, (l) =B (,))==A(a/ X)+logh, =log(% / @)1,
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E AN N=-2a/X
g 8—00 __KgS(x)__a A

(note the formula K, (x)=(k-Dla /A (k=1,2,...
tr(-A"T)=-A"y=(a’ /1) (a/2})=1/a,

JO — i _ o’ _ 2 _ 2 B 20}
0 _-]0 - 6&3 - /13 - / 3 3
0 o (L/a) A
J(4) ](4) 841 __i__ 6 __6(14
= Jo = = =

8&04 Ay (A /a)’ Al

— . A a
le_IO = O{xj_Eg('x )}:_j(xj__]:

A
Kg3(le):(_£] g3(x )=— A] 206 - 22 )
o a’ A o
E (61011 j—ﬁvar (x)= ﬁﬁ—i,
00 a ° all A

E AUy, 1)} = (—%) (16,4 (x") +3{var, (x")}"]

A 6a+3 o) _£+i
_064 214 llz _053 az’

o, — ol (A e A2a
{(99 (lo] lo)}_ ( aj Kg3(x)_ o ﬂ..f

ol Y )
Eg{(l()j_ ) 50]] }__2’(@()6 ):_%%:_%,

Kg4(zoj)=( %j Ky (x) = ﬂq 60 ;3,
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W == 2, ~) =200 =t 3, )

jk=1

Eg(véA)):af\fL)z =4nvar (l) 4var,(l,,)=4/«,

(A) ol. 2.(A)
Eg(ev ]=8Eg(loj—f]=§, Eg(a "2 J:gy:giz,
00, 00, | A 00; A
@y ol )"
E, (8\/ ] :64{Eg(loj / j} +0(n—1)_ﬁ+0(n—1)
00, 00, A
(A) ' -3/2 2\!
“\ 06, 2\« AU A4
_ a3/2 (_1 _%j a3/2 la—l/zj’l
16 Tl 16 "2 ’

3 3 ov'
2) (A) \=5/2 (A) \-5/2 -1
= —(a , ——(a E A,
|: 8 ML2 4 ML2 g[ 690 ]

(A)

1Ay \3n2 ov'”
_E(aMLZ) E, o6, (A7),

1 (A) \-3/2 oM .(3) 1 (A) \-3/2 v
|: Z O‘N?Lz) Eg[ o6, A 1Eg(Jo )_Z(aMLZ) Eg 5902

(B)

3 _ oy ’ _ o 1 32 4
+8( Ig/ﬁJ)Z) 5/2 g{[ 69 ] }—}_O(n 1) :|(ﬂ‘ 1)295((11&/?132) 3/211 :|

0

'

(B) (A)
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)60 )
B 5(-2) 24 ) -2

3?3, a (o 3o\ a '
- » T A I s s s A 40 A
256 16 200 4AAT 4 A a 16

_ 3a5/2 | ial/zﬂq,_a—S/Z 213’O,_a—1/2 212 |
256 16 2 16

A

—2E (Ly =y ) =n""2t(A"T)+n7(c, +¢, +¢;) +O(n™)
= n_lbl + n_zb2 +0(n™),
where since 4, is the canonical population parameter, ¢, =¢; =0 and

consequently b2 =,

b, =2tr(A"'T) = —g,
o

a ) ol ol ol
b,=c, =— Z (A” 2>)(m,b)ang
a,b,c=1 69051 a901) a006

q
+ 2 AT s P ed FVacVa + nmc)} (S5.2)

a,b,c,d=1

—— — _l :(3) 4 3 % 3 l :(4) 94 2
: {(l (i e (2] | (L M
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1W=-2( -1"y=-2[-A,{x —E (x)}]__ﬂl[x_gj,

/ 7 2 2
o= g oA [}?—ﬁj ,

00, 00, o2 2
o () =~ g{[x“j }‘Zivm-g(xj)
A o
__ﬁg:__ 1
S (= tr(A7'T)),
o = 1 3) , ol <3>_ 1, o al 3
R )}(A @9] i [aeoJ
120 [ azYLE—fT Ei( _ﬁf
3 j"l 21 A 3o’ A )
2m (T3 ﬂq _%ﬂq 2q 4
n‘E (Z )= 3( x) ﬂ,l 3062,
l (4) = vec '(A)(A(z)l(z))<2> _LVGC'{E (J(4))}(Al i]«b
12 g0 20,

’ —\4
=1 _111(3) 1151 _Lj(§4) ﬂ,_li
2 06, 12 26,
—\4
oo
! 00, )’
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-5 () -5 ()5
4\ A A 12\ A A A
+0(n™)

= (—1 +%)3a2 +0(n™") =

-1

4 3

n’E, (L +1y)) = (———jiﬁoml):_ 1
2)a

P +0(n™).

§5.2 n'AIC,,
nAIC,, =21, +n'2q=-21, +n"'2.
S5.2.1 Asymptotic cumulants of n_lAICML before studentization
For estimation of _ZEg (l_;\:[kL) ,

K, {n'AIC,, +2E (L)}
=k, {n"'AIC, +2E, (I )} +2E, (I, — )

~

={—2E (IML)+n_12q+2E (IML)}+2E (ZML ML)

=n"'2q-2E (IML ML)

=n"'2g+n"'b +n’b, +O(n7) (b, =2tr(A"'T) =217y =2a™") (S5.3)
=n"'(2q+b)+n"c, +O(n™)

=n"'(2-2a)-n"207 +0(n™)

=n"'alt +n7 ol +0(n7),

while for estimation of —2

K, (n ' AIC,, +21)

=n"'{2q+ (AT} + 0 {n’E, (L + i)} +O(n™)
=n"'Q2-a)-n?1/6)a” +0(n>) (S5.4)
=n"loyy e, + 0@ ”),
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ng(n_lAICML)
=07 [E, (L) 1]+ 020, (LOL) + 20°E, (VL)
+n’E {(lyt))’} —{nE (L)}’ 1+ O0(n™)
(—’lj var, (x")+n" {22—%[—)‘—5]%(;) (85.5)
(04 (04

a

_ﬂq[g—jﬁvar (x)) +(—£j 2{var,(x")}* ]+O(”3)
a

a

rtont B 282 2] 2B 2] b
@ \72) 3\ ) a4

1 4

2
o -2 =3\ _ -1 _,(A) (A) -3
=n _a+n _a2+0(n Yy=n"'alt +nalt, +0n™),

Kg3(n_1AICML)
=n[ n®E {(ly )’} +3n°E {(L' ) i)} = 3nE, (L oy,
- O(n_3)

; K%) Kga(x*)+6(%j (—&—zj {var, (x*)}2}+0(n3)
a o o
=n" {8/15 2036 - 24/}14 ( - ] } +0(n7)=-n"" iz +0(n™)
o’ A o A o

n 2o A
= IE/IL)3+O(n ).

(S5.6)

Ko (1 AIC, ) =17 n'ic,, (L) +4n°E (L)) 1
+6n°E, (L) (D)} +4n°E (LY 18} —4nE, (1)l

ML3
— 6oy h oy, — 6aimh {nE, (L)Y 1+0(n™),

where
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_ 22, ) .~ 16A% 60 96
3 My — —
n Kg4(lML ) - (jj Kg4 ('x ) - a4 }“14 - a3 ”

24 j ( lz)lOvar (x" K, J(x)H)+0(n™)
o

4°E (W) 12 = 4( .

5
=—320’1—iz—°‘ ony=-22 1 o,
a’ A A a’

1

6n’E, (L) (L)) = 6( %j ( ) ) 15{var,(x")}’ +O(n™)
OC

_24><15}"6(Z) (‘1)_@ O(n™),

4B AWDY L} = 4(221 2/11315{% ()} +0(n™)
a

_ L_ -1 _E -1
= a(%] O(n) +0(n),

1 8 32
Rt O S
4 2 48
~60 s Oay = —0——5 = ——,
oo (04
4( 1Y 24
-auint, (7 -6 2 -1] =24
(04 04
consequently,

Kgq (n'AIC,, )
-3
- n—3(96— 640 +360+320-32-48-24)+0(n™")
o (S5.7)

n’ 32 —+ O(n_4) n_salfAAL)4 + O(n_4).

S5.2.2 Asymptotic cumulants of n_lAICML after studentization for
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estimation of —21_0*
w1 AICy, +21))

ML — (A(A))I/Z

A 12 ( (A A) \-1/2 A 312
K1 (t( )) n {ali/IL)l(alg/IL)Z +a((At;ML1} +0(n")

ol
=02 g™ (@) )2 — oy 4E {(/); -1,)’}LE [ . )
00, (S5.8)

+0(n™"?)
-1/2 3/2 '
A2
a)\a 16 2 o ) A
+0(n"?)
o2 (2 _ij a'” Loy =" (al/Z _la1/2)+ O(n™"?)
a) 2 2

12 (A _3/2 A . (1 1
=n ((t)I\)/ILl +0(n") (a((At;MLl =nE (ll\/i v (v)) =0),

g2 (t(A) )

-1 A A -1 2 T(D\2 1 1 A —1/2
. { A @)+ 207, (Y VO m ()

(A)

2 T 7 @OgM ) L TOe@ () 4 -1y ()1 ()
+2n Eg{ by (b’ v ' my) + L.V 'm” +n" 2qv’ 'm”) }

(B) (B)
(A) \-1/2
X (o2 (S5.9)
2 7 2) ¢ (A) 17277 (1) (D M 7 M (12
+n°E, 20y (o) h VM + (g 'V m )

—{2nE (b Nongy) ™" e + (@)’ } o(n™).

(A)
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(i) the firsttermin [ - 1 of (S5.9)
(A) (A)

)-1 :%(ij =
a \a

(ii) the second termin L~ 1 of (S5.9)
(A) (A)

)—1/2

(A)

(A)
SIS

(a
ML2 o

2 T2 < ( 1 A
2n Eg {(INEL)) v 'mi)}(alg/lL)Z

-]

12 6 2 |
“ ”“M“?"JJ

+(%3/2)(%1/2 — 2a™",

ol _
= 8V(1) '|:4Kg4 (loj)’ Eg {ﬁ (ZOj o ZO )2

3/2 1

2

(A) \-1/2

(iii) the first partin 27 E, [ ] (s

(B) (B)
(S5.9)
2 7 (D7 (2) (D1 (1) (A) \-1/2
2n Eg(ZML Ly v 'm0ty )

=—4| Ay <ncov, (I,,m,),E ZO.%
4 v 4 J 890

ol ) ol |
+2Eg [le a—ejo]ﬂ l{nCOVg (a—eo,mv),y}

3/2 1

2
ok,

a —_
16 2

I

50

(A)
(O

4 -1/2
.

)—1/2

(1 (A)
vV (0,

a3/2 1

16 2

of the third termin L ° |
(A)

of

(A)

-1/2 + O(n—l)

2

Oll/zll] +0(n"H)=0+0(n")=0(n™"),

4

a

jl/2



-2 (A) \-1/2
(iv) the central part in 2n°E, [ ](O‘MALz) 1 of the third term in ([' 1 of

(B) (B) A) (A)
(S5.9)
2°E ()Y m i)

_ N AT
:2{ ain), {navarg(mv),ncovg (mv,%j,o,y,ncovg(av o ﬂv(z)

) 00, ~ 06,
(&)

7 2 7 al]
+2| {ncov, (I’ ,m,)}",4ncov (I;,m,)E, 1015 ,0,
0

(D)

2
ol . — o™ ol
44F | ] _Jj} ,4nCOV [1 ,—)E [1 _f) :|V(2) :|(a(A) )—1/2
{ g[ 0/ 890 g 0 800 g 0/ 890 ] d ML2

+0(n™")

6 3 1 2
=2 (@®)H)"*|16 ( + )— , 4 — 1|, 0,
{ (o> o’ ol o’ ok,

©

2
+2(ai, )™ 64(—%) ,16(—%)i,0,4%,32 2L v
o o)A A ak, ) A

+0(n™")

2 (96 32 8 o 16
=2 1/2 3T , 0, 2° 42
o \a «a ar, A A

(©

| 256 32 4 64
o 40 240 0, 2° a2
o o, A o,

(©)

'

ﬂfj +0(n™)

1/221’_ 213,0,_

3a5/2 3 a—5/2 a—1/2
X , —Q
L 256 7 16 2 16
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_£4><96><3 l+4X32X3—4X8X3a1+4X16a1j

o
256 256 16
N 2X256X3a_1—2X32X3a_1+2><64a_1 O™
256 16
9 3

:Ea_l +E—6oc_1 +4o” +60” =127 +8a” +O(n7")
= 205_1 + 3 +0(n™),
2 2

-2 (A) \-172
(v) the last part in 2n E, [-] (aML)z) of the third termin [~ 1 of

(B) (B) (A) (A)
(S5.9)

B 4 -1/2
2B, (™' 2, ) TV m ) = 4(;) X0 =0,

(vi) the first half of the fourth term in ([E)' (1) of (S5.9)

(this 1s equal to the result of (ii1))
n’E {215 (o) P 4 v 'm’ =0+ 0(n ) =0(n ™),

(vii) the second half of the fourth term in ([E)' (1) of (S5.9)
n’E {(hy v 'm()’}
navar,(m,)  ncov (m,,0l /06,) "

ncovg(mv,(?l_/@HO) 14

+2{nE, (hy'm" W +0(n™)
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a 16 "2 W2 a
ak, Zu
a? )
X< — | 16 L +2x0+0(n")
pte
2 4 )
—4££ +% 2x 1 1J+O(rzl)=i+l+0(nl),
16 8 44 200 2

(viii) the fifth term in (L' 1 of(S5.9)

7(2) (A) \-1/2 (A) (A) 2
—{ZnE (har )y, CanmL +(a(At)ML1) §

) e

then
1 9 3 I 1
t Yy =1+n" ——2a‘+(—a1+—j+£—+—J +0(n”
Kar () {205 2 2) (2a 2 =)

=1+n1£;a +2J+O(n )=1+n"' g, +0(n7)

(S5.10)
A
(a((t)lz/ILZ =1).
g3(t(A)) n"? {a;ﬁé(al(vﬁ)z = +6a((£§ML1}+O(n_3/2)
-3/2

8 (4
— n—l/2 __2(_) + O + O(n—3/2) — _n—l/Za—l/Z + O(n—3/2)

a \a (S5.11)
=1 -1/2 ((t?lz/ﬂj +0(n 3/2)
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(A)
Kqa (i

= { oy (o) +4n°E {0 v 'mP ) (aly),) "
(A)
F120°E (L)) Bt v ' m  (eqs) "
+6r°E, {(I0) (v 'm Yy (al)) !
4 4n3Eg {(Z_Nﬁ)f Z_B/EE)V(I) .m(vl) i (Z\/EIL))4 v vm(vz)}(als/fi)z )—3/2

7). (A A) (A A T(2)\12 A) -2
+HARE,, (hy Yo’y + 6y, + 6oy nE, ()} } (o)

(S5.12)

(A) (A) \-1/2 (A)
_4{a(t)MLl —2q(onys }a(t)ML3

A = | A) \-1/2
—6{ct\ar —4gnE, (hy'm® W ()}

_6{a((t[;134L1 - 2Q(a1(v?L)z Y }' o(n™),
(A)

(i) the firsttermin [~ ] of (S5.12)
(A) (A)

-2
L, 3204 2
ey =2 (1) 2,

(ii) the second termin [ * 1 of (S5.12)
(A) (A)

3 T4 [ 1 A) \-3/2
4m'E {(hy)' v 'mi7} (o

ol . —
= 4{ 240‘15/111)2 |:4Kg4 (loj')a Eg {ﬁ (loj' - lo )2 }}
0

(B)

—32Kg3(10j)nEg(z}g>m9> " }V(l)(alfﬁ)z 2 L0m™)

(B)
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3/2 ' -3/2
oon oS - 2wl Lo (2] o
o o’ ok 16 2 o

=5/2

3/2
—| —96x96% “
16

+96><8><loz_5/2
2 8

+0(n™")
=(—6x12+48)a” +O(n")=-24a” +O(n™),

(iii) the third term in [~ ] of (S5.12)
(A) (A)
127°E, {(hy ) i v 'm0y, )

— 2
=12| |3\ A7y +6 ncov, J o A
00,

(B)

- ol
(h D
X {n cov, (L »m,),ncov LIML 20, )}

ol ol
+6a M ncov | LV, A7 <{ncov, | —,m, |, v (™). )32
ML2 [ML 890) { g[@@ vj 7} (ayis)

0
(B)
+O(n_l)

‘”l‘”“m( ) {(‘JEH

a
11
3/2 -3/2
X La2a 4 +0(n™)
162" a
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2B 8« _ a’? l 12 | i o .
=12 " [Olﬂq’ﬂfj{ (16 ,205 &j} (aj +0(n)

3/2

0‘8 L0y =0+0(n™)

=12(24-24)0. "

(iv) the fourth termin [ * 1 of (85.12)
B (A) (A)
6n°E, {(hy)) (v 'm)* } ()™

A 1 1 1 7 1 Y2 -1
=6 3a§AL)2V()'nacovg(m(v))v()+12{ncovg(lN§L),m(v)')V()} 1+0(n™)

—6 3£L+1J+12x0 +O(n_1)=2+9+0(n_1)
200 2 a

(see (vi1) for (S5.9)),

(v) the fifth termin [ * 1 of (S5.12)
(A) (A)

recalling that 77COV, (I_M(BMS) ')V(l) =0 | and using (111) and (1v) for (S5.9),

4B, {(h! ) b v 'ml? + () v miP (o)

— 2

(A) 1 -1 7 ol -1

=4 3ay Ay +6<5ncov, | Ly, — |t A

¢ 00,
(B) (©)

X ncovg(l_M(i),mv),ncovg I_M(B,i
00,

—n Ol ), ol _
+6a§fL)2ncovg (lM(i),a—eoji l{n cov, (8—90’ mvj, 7/} v (i) )

(©)
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-1/2
+12(i) 2546’_ 322 0 42,_ 642
o o a’ A, A aA

5/2 -5/2 -1/2
3a 3 o o
X

'

%ﬂ +0(n™)

,_a1/2 ,— 3,0,_
256 16 A 2 4 16

(B)
(6><96><3 . 6x32x3 6x8x3 _, 6x16 _
=4| 04+ ——a '+ - a+ a
256 256 16 16

(B)

+6X256X3a‘1—6X32X3a‘1+6><64a‘1 O™
256 16 16

(B)

= 4{(277—9+6+18—36+24)0¢1 +%}+O(n1) =390~ +9+0(n™),

@) (A) \-3/2
where 4([C)'(C])V (%ui2) ™" s one third of (iii) for (S5.12), then

Ko () =n"" { 207 =240 + (9 +9)+(39a " +9)

(A)

-2
+(4x8+6x4x2+6x4)a3(iJ
04

_4 al/z—la_l/z—Z 4 o (—a™?)
2 o (S5.13)

7 1 A"
—6| —a ' +2-4x0|-6{a"? ——a"* 2| — +0(n™)
2 2 a

(A)
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=n" {(—13+39+%—2—21—%}a1 +9+9—12}+O(’12)

=n"'Ba ' +6)+0(n’) = n_la((t?&M +0(n™),

where for the factor (4 Xx8+6x4x2+6x% 4)06_3 = (32 +48+ 24)06_3 see the
three results just before (S5.7).

$5.2.3 A result for estimation of —2/,

5 (A)
a
-1 A(A) (OML3 , 2
nacov, {n AlC,, &y +—6 (z; —1)}

0'2—1/2 0/2—1/2
. -1 A1/2 2
=nacov qn AlCy , a™ - e (z; -1

(S5.14)

1 z
. -1 ~1/2 a | 412
=nacov,\n AlCy, , « —(—4—— a

1 1 =z
= nacovg(n_lAICML,a )E{a_m +(§+%ja_3/2} =0

-1 ~
since 71acOV, (nAICy,; ,&) =0 which is derived in the following.

nacov, (a) =nacov, {(a, };) = _Agol

(al2} 14 ]{%{aw,(a)_l}}

/A4 yvi(a)) | A (5.15)
“ A ]/{ (@) -1}

= av '(a)-1},
nwinz) Y

where ¥ (&) =0y (a)/da and
v(a)=0logl'(a)/da=T"(a)/I'(a) is the digamma function.

The above result was given for clarity and for later use with
y "(a) =0y (a)/ 0a’ though not directly used here. Define
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L, = log (x4 exp(~4,x,) / T(@)}
=(a—-Dlogx; +alog —Ax; —logl'(a),

then
ol. . o,. «
8/ S/
=logx, +1 - , =—-X,
-~ logx, og A —y(a) o 7 X,
6lj B 1 e B 8]€j
while recall that /,; =10g4, —4x; and EY _A__xj_z_xj _811 :
0 0
Consequently,

. e/
nacov,(n'AlC, ,d)=E, {_Acol 6; (—2)loj}
1

0

( logx;, —E (logx),) ]
=E, Ao 2%, ¢ =B, {=AJ (22)(T).. |,
LA

J1

. 0
= _210 {_ACOI (_ACO )-2}1 - _2}’0 (1 j - 0
1
giving (S5.14), where (*); is the first element of a vector; and ()., is the

second column of a matrix.
S5.2.4 Asymptotic cumulants of n_lAICML after studentization for
estimation of —2E g (Z\;L)
1/2 -1 T
JAy _ n{n AICy, +2E (L )}

ML ~(A)NI1/2
(Vyr)
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A 12 (A 372
gl(t( )) n a((t)l\)/[Ll-l_O(n )

-12 - A) \-172 32
=n" {a((zl)xl\)/[u + 27y (o) O™

{ | 4 172
— 2] 12 _Ea_l/z +(__j(_j +O(n_3/2) (S5.17)

(04 o

— n—l/Z(al/Z —a_1/2)+0(7’l_3/2),

Koo (v ) =1+n"" a0, +O0(n7)
=1+n" o 227y (ans) 2 nE, (L' m" )W+ O(n?)
=1+n"' (a((t[)%lz/ILAz + 0) + O(n_z) =1+ n_la((t[;lzdLAZ + O(n_z)

(in this example & ((t)ﬁmz = a((t?l\)/[LAZ ),

(A)* 112, (A) 372 (A)* (A)
Kg3(t )=n (t)ML3+0(n ) (a(t)ML3 = &ymes )

(A)* (A) -2 Ay _ (A
g4(t )=n" a(t)ML4+0(n ) (a(t)ML4_a(t)ML4)'

S5.2.5 A result for estimation of —2E 2 (Z_I\ZL)

5 (A)

a
-1 A(A)* (OML3 , 2
nacov,yn AlC , oy, +——(z; -1)

~—1/2
a (S5.18)
=0

. -1 g2 g2 2
=nacov, yn AlC, , a'" -« _T(Zd -1)

as in (S5.14) of Subsection S5.2.3 for estimation of —21_0*

-1
S5.2.6 Higher-order bias correction of 7 AICy; under correct model
specification

.. -1 .. ) .
When a statistical model for 7 AICML 1s incorrect, the bias correction

-1 _ : .
of N AICML reduces to those of 7 1TIC% (j=12) , which will be dealt
with later. So, in this subsection correct model specification is assumed. The
bias terms under model misspecification in (S5.2) can also be used with @ =1
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under correct model specification. That is,

bl = 2'[I‘(A_lr) =—-29=-2 or bl =-2/0 when a =1 (S5.19)

and using €, = C; = 0 in this example,

a ol ol ol
b, =c =— AP ) n’E
2 { 2 can g[ae()a 00,, 8900]

a,b,c=1

a,b,c,d=1

q
+ Z (A(3_4))(d;a,b,c)(7ab7cd TValba T+ VadVbc)}

_al s

=2 o (K () Kl ()
0

_ _ (S5.20)

1Y 2Y (1Y (6
:—2 —2 ——3 + —2 —4 :—8+6:—2,
A A b A
which is also obtained from b, = 207 =-2 when a=1 (see (S5.2)).
-1 _
Define 7 AICMLQO(H—z) as the bias-corrected 7 1AICML up to

order O(n™?) . Then,

n ' AIC (= 2hy +n724072=n"'AIC, +172 (3521

ML—>O(n
s5.3 n TICy, (j =1, 2)

Since the gamma distribution is used as a true distribution in this example,
define

n ' TICy =n'TICG) =20y —n"' 240 Py
. ’ 22
=21 +n'(2/4). 52

The notation n_lTICi;I)L (= n_lTICf\ﬁ, j=1 2) will also be used.

S5.3.1 Asymptotic cumulants of n_lTICf\ﬁ (/ =1, 2) before studentization

A

For estimation of —2E g (Z_NTL) ,
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Ko i TICS, +2E, (I )} =n" el +O(n™) (aly) =0)
= n{alyh, +20E (1)} +O(n™) =n? (o, +d ™) +0(n™)
_ 22 ev(@)tyi(a)
_ 2 ' 2 |0
o afoy'(a)-1}

where tlﬁo) = Uﬁj) and d"V =d (Tj)(j =1, 2); and the expression of

(85.23)

d™ will be derived soon, while for estimation of —21_0*,
Kgl(n_lTIC;I)L + 21—0*) = ”_lalgﬁ + n_zalglrljil +0(n™)
=n (247 + A7) + 0 agyyy, +20E, (tr ")+ O(n )
=0 (A7) +nHn’E (L + 1) +d T+ O(n™)
IR {_ L, ov@)y '(o?} O™
o 6a” afay'(a)-1}
(Te) _

= A =
() =0 #ogy =2—-a” when a#1),

(S5.24)

For d () , expand »n times the correction term 2(—1_177 )=2/ & in
n_lTIC;[)L as

2 2 2 . 2 . _
g:g—?(a—a)+¥(a—a)2+0p(n3/2)_
Then,
2 2 2 : a2 .
E, (—J =" +n {——2nablasg (a)+—navar, (a)} +0(n”)
a) a o o
= 2 +n'd™ + 0,
o

where 71avar, (@) =a/{ay (a)-1} (see (S5.15)) and n times the

asymptotic bias of order 0(71_1) for @ denoted by nabiasg (@) is given

below.
Noting that

N (A COR T
S 8o _1/;{1 05/112’
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I—l _ A—l _ o }"‘ / ' 1
&~ NG T }‘1 Wv(a)}f {O“// (Ol)— } (see (8515)),
63l€j (w'(e) O 63lgj [0 1/ A}
0,06, ' oa 0 1/A) 8505,'0% \1/22 =2a/2°
ol.. ol .
and ICo - FCo = Eg ( aéj aéj'] - _Aéo , we have
0 0
. 1. _ -
nabias, (§y, ) = _EAcolEg (I vec(A, T, A)

1 )
== AgolEg (Jg’) )Vec(—Agol)

1 1 a A Ny'@)0 0 /2
__E{av/'(a)—l}z(% l//'(a)ﬂvf]( 0 VA X —Za/ﬂJ
x{a, &, A, w ()47}
R (a A j(at//"(a)ﬂ/f'(a) j
- 2ay (@) -1 (4 v 2/ ) —{2a v'(@)/ A}
B 1 [ a’y "(o)—oay (o) +2 )
2{ay () -1}" | hay "(@)+34y (@) - 24a{y (@)}
a’y "(a)—ay (a)+2
2{ay (@)1}
Mlay "(o) +3y (@) =20y '(a)}']
2{ay (a)-1}

ie, abias (@) =—

and nabiasg(/fl) =—

From the above results,
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2 2
(T.) _ . A A
d ——?nablasg(a)+?navarg(a)

_ay'(@-ay'(a)+2 | 2
a’{ay (@) -1} a’{ay (a)-1}
_ay'(@+ay'(@) _ay'(@)+y'(a)
a’fay'(a)-1)  afay (@)1}

(S5.26)

follows.
-1 )y = 51y (A) -2 (T -3
Ko, (n TICy ) =n"oy, +n 7 ay, +O00m )

1_(A 2 (A (1) 4 (Te 3
=n aIE/IL)z +n {alg/IL)AZ + 4nEg (ZI\/EL)tri ))} +0(n™),

- 1
(D 4(To)y _ —
where #E, (ly try ") =—8n aCOV(IO’ 5) =0 consequently

Ke2 (n"'TICY) ) = n"layyh + 1 oy, +O(n™) (55.27)

C T A
(in this example OC&LZZ = OC&L)AZ ).

K,,(n”'TIC) ) =naly) +O(n™),
Ky (n”'TIC) ) =n"aly), +O(n™),

where the results of (S5.28) hold generally.

(S5.28)

S5.3.2 Asymptotic cumulants of n_lTICiﬁ (] =1, 2) after studentization

for estimation of —210*

o _ 07 TICG, +21))
ML A(A)N1/2
V.

T. ~1/2_ (T 302
Ko () =1 a((z)l\/}u +0(n™")
12 -1 A) \-1/2 A 32
=n "{-4 7/(05151132 + a((Az;MLl} +0(n™7)

14 o 302 (A)
=n —| — +0,+0(n") (a(At)MLl =0)

a\a (S.29)

:n—1/2 2a11/2 +O(7’l_3/2),
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where the result is generally common to n‘lTIC(hﬁ (j=12).
K2 () =1+ n_la((gfv)[mz +0(n)

=1+ N, +HEATY) = g (ogn) ™ nE, (G 'm v

(1)MLA2
+ O(n_z)

_ _ _ _ S5.30
= Lo o + A ) g el P x 0 rom?y B30
=1+ n_la((t’;zﬁm + O(n_z),

(Te) — ~(A) . .
where & ymia2 = Xymeaz holds in this example.
(TN _ . -1/2__(A) 3/2 (T)  _ _(A)
Kg3 (b )=n Ams T O(n=") (a(t)ML3 = a(t)MLS)’
T. -1 (A ) T. A S5.31
Koy (tIE/IL)) =n a((t)l\)/IL4 +0(n™) (a((t)l\/}u = a((t)lx)/[m)s ( )
where the results of (S5.31) hold generally.
S5.3.3 A result for estimation of —21_0*
O’Z(A)
nacov, 1n 'AICy, , a\ju, +—=—(z; —1)
A-12  A-1/2
_ (04 (04
=nacov, {n 'AIC,,, , - (z2 —l)} =0
2 6 (S5.32)

(nacov, (n'AIC,, , @) =0),

which is a result generally common to n_lTIC%)L (j=L2),

S5.3.4 Asymptotic cumulants of n_lTICf\ﬁ (/=L 2) after studentization

A

for estimation of —2E g (Z_I\ZL)

n' {nTICS), +2E, (I )}
~(A)N1/2

(Te)* _
hi =
(V.
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T. 12 (T 302
gl(t( T)=n ((t)l\/}Ll +O0(n™")

12 (A 312 To)*
=h ((AthLl +0(n™"?) (o) =0)

=0+0(n™"?)=0(n"") (a((AAt;MLl =0),

(85.33)

which is a result generally common to n_lTICiﬁ (j=L2).

T. (T i)
gZ(t( )) l+n a((t)IJILAZ_'_O(n )

=L+ (o, + 2477 )ongh) " E (b m(? )V +O(n ™)

(S5.34)
=1+n" (o +O)+ O ) =1+n"a[})y ., +O(n7),
where a((,)him = a((t?&mg holds in this example.
(Te)* 2 () -3/2 (T*  — )
Kg3 (b )=n A T O(n=") (a(t)MLS (t)ML3)
(Te)* (A) - Te)* A S5.35
Kes (ty )=n a(z)ML4 +O0(n ) (a((t)l\/}LA a((t)l\)/[LA ( )
where the results of (S5.35) hold generally.
S$5.3.5 A result for estimation of —2E g (Z\IL)
G
-1 A (Te)* t 2
nacov,yn AlCy , &y, +——(z; -1
A -1/2
a (S5.36)
:nacovg{ “AIC,, , 0- z. —1)}:0

as in (S5.32) of Subsection S5.3.3, which is a result generally common to

n'TIC) (j =1, 2).

S5.3.6 Higher-order bias correction of n_lTICiﬁ (] =1,2) under model
misspecification

A CARTAC)
alay (o) -1)

and define 51 and d'"" as their consistent estimators, respectively. Let

Recall that ¢, =—2a " and (see (S5.23))

_1 - . —
TIC;;L o) as the bias-corrected 7 1TIC§\4)L up to order O(n 2). Then,
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using ¢, =¢; =0 in this case,

ST L TTCO) (A LA A T
n TICML—)O(n_z) =n TICy, —n~ (¢, +c¢,+c,+d" ")

= nTICY, — (& +dT)

_nTICY 40 2&_2_0¢A1//A(a')ft//(az) |
alay'(a)—-1}

References

Ogasawara, H. (2009). Supplement to Ogasawara’s papers on “the ADF pivotal
statistic”, “mean and covariance structure analysis”, and “maximal
reliability”. Economic Review (Otaru University of Commerce), 60 (1),
21-44. http://www.res.otaru-uc.ac.jp/~hogasa/, Permalink:
http://hdl.handle.net/10252/3454.

Ogasawara, H. (2012). Cornish-Fisher expansions using sample cumulants and
monotonic transformations. Journal of Multivariate Analysis, 103, 1-18.

Ogasawara, H. (2016). Asymptotic cumulants of some information criteria.

Journal of the Japanese Society of Computational Statistics, 29. (in press)

67



