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A supplementary note on the paper
“Asymptotic expansion and asymptotic robustness
of the normal-theory estimators in the random regression model”

Haruhiko Ogasawara

This note is to supplement Ogasawara (2007), and gives (1) the matrix
expressions of the partial derivatives of the parameter estimators with respect to
sample variances and covariances, and (2) the direct proof of Theorem 1 using
cumulants.

1. Matrix expressions of the partial derivatives
1.1 The regression coefficients
(a) The first partial derivatives

Let sy =V(Sy), then
OB 0(sy ‘®I,)vecSy,

oSy ' - 0sy '
avecSXX 1 3
=—(s,, ®I )(S ®Sxx) =—{(Syy XX)®SXX}Dp’
Osy ' (AL.1)
—E-sg
SXY

where for V(-), vec(-), ® and D, see Section 4 of Ogasawara (2007).

(b) The nonzero second partial derivatives
Let A and C be uxv and PxQ matrices, respectively. Then, the

commutation matrix K, is defined as vec(A')=K,vec(A) with K, =K,
which yields

vec(A®C)=(I, 8K, ®I )(vecA ®vecC), (A1.2)
(Magnus & Neudecker, 1999, p.47), where I, is the vxVv identity matrix.
Let A =A®---®A (ktimes)and VECA®:--=(veCA)®--- then
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OVec(Syx ®Sy)
0sy '

avec[ ‘3'3,j/asX (D, '®s,, 'D1,)

0sy

(D, ®s,, L )1, K &I ) (vecSXX ® vecSy, )
Sx (A1.3)
=(D,'®s,, @1 )1, ®K ®I))

x{(SxcD,) ®VvecS;, +VecSy, ®(Sy D)},

0 - -1
e
asX SXY
=—(D,'®I) OVeC(syy Sy ® vecSy,
OSyy '

=—(D,'®I,)(Syx ®VecSyy).

(¢) The nonzero third partial derivatives
Let p*=p(p+1)/2,then

- )
OVEC< OVeC P [0s, '+/0s, '=0vec 8—|32 /0s, '
osy ' (08, )~

=[I,. ®{(D, ®s,, (I, ®K)}®L]
xovec{(Sy D) ®vecS,; +vecSy, ® (S~ D )}os, ',

(Al.4)

where
ovec{(Sy: D, ) ® vecS;, +vecS; ® (S, D, )}os, '

= 0[vec(Si D, ) ® vecS;
+(K . . ®1 . {vecS5y ® vec(Si D, )}/0sy !
=0[{(D, ®1 )vecS o I®vecS +(K . . ®I)
x{vecSXX ®{(D, ®Ip2)vecs;§<2>}}]/8sx '
=o{(D,'®1 )1, ®K, ®1)(vecS;, ®vecSy, )}
® vecSy, + (K e OL ){vecS,, ®{(D, ®1,)
x(I, @K ®1I)(vecSy, ® vecSy, )}}/0s,

(AL.5)
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=—[(D,"®1,)(I, ®K , ®1 ){(S*'D,) ®vecSy;

+VecSyy, ® (S5 "D, )} ® vecS;,
(D, '®L )1, ®K, ®1,)(vecS,, ) 3® (S D

~(K . ®L)[(S5D,)®{(D,'®1 ), ®K, ®I)

x(vecS,, )}

~(K , . ®I 2)[vecs;1x ®{(D,'®1 )1, ®K, ®L))

><((S 1<2>D )®V€CSxx +VeCSXX ® (S, 1<2>Dp))}],

n A
Wec{@vec[ aﬂljlasx }lﬁsxy':avec{ P

0Sy

= ([{(D,'S5”) ®Vec'S; +Vec'S,, ®(D, "S> )}

(I, ®K, ®1)]®1 .. )ovec(D, ®s,, '®1,)/ds,, "

where
ovec(D, '®s,, '®I )/ 0s,, "

= a(Ip2 ®sz,p* QI )){vec(D )@ vec(s,, ‘®I )}/ Os,,"
= (IIOZ ®Kp2,p* ®I )[vec(D, ) ®{(Osy, /sy, ) ®vecl }]

=(I1,®K , . ®I )}{vec(D,)®I, ®vecl }.

1.2 The partial derivatives of the residual variance
(a) The first partial derivatives

oy @ 0y
D (SXX XY ’ ' 2SX%( XY

0Sy O0Syy
(b) The nonzero second partial derivatives
Using (Al1.1),
o4

———— =D [{Ovec(Syys, )/ 05, T®vec(S,ysyy)
08,08y

+VeC(Syx Sy ) ©{0Vec(Siysyy )/ 08y '}
=D, T{(x 'Sx) @S5 3D,) @ (S8
"‘(Sxx XY)®({(SXY xx)®SXX}DP) ]
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(AL.6)

(AL.7)

(AL.8)
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Similarly, we have

0%y 08y, 'S e fen e _
7 __ZMZZD;) {(Sx;sxv)@)sx; ,

05,08y, Os,
27 (A1.10)
_oy ~2S3,.
O0SyyOSyy '
(¢) The nonzero third partial derivatives
From (A1.9),
2.~ 2.~
ovee| — 2V 1as, =01 Y _Lyas,
08,08, ' (Osy)
=—0N®DQ)

x[ {0 vec({(syy 'S;& )® S;& }Dp)/asx 1® VeC(S;&SXY)
+Vec({(Syy 'Six ) © S5 ID,) ®{Ovec(S s, )/ 9y }
F (K ®T ) (OVEC(Sisyy )/ 85y ) (AL.11)
® (vec{(sxy 'Sxx) ®Sxx3D,))
+V€C(S;&SXY)®(8VE‘C({(SXY IS;&)@S;&}Dp)/an )}1
In (Al.11), let U* and V* be defined as follows:
OVEC(SyxSxy )/ 08y "= (¢, 'S ) ® S5 JD, =-U* (A1.12)
used before, and
OvecH{(sy 'S ) ®S5ID,)
0sy '
Ovec{(sx, 'Sxx) ® Sy}
08y’ (A1.13)
=—(D, " @1 ({(sxy 'Syo) @Sy ID,) ® vecSy,
+(SixSxy ) ® (8% D) 1=-V ™.
Using (Al1.12) and (A1.13), (A1.11) becomes
o’y ,
ovec| ———— |/ 0s,

08,08y '

=(D,'®1,)

=1, ®D,)[ V*®(SiySy ) +(vecU*) @ U*
+ (Ko, @I {U*®VecU*+(Si; s,y ) ® V*}].

(Al.14)
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Similarly,
2~ 2.~
8vec( oy )/asXY'za{ oV }/aSXY'

0s,0s, ' (08, )%
=—(1,.®D,")
[ {0 ({vec(sy, 'Sxx) @S 3D, )/ 98y, TO (Sixsxy)
+Vec({(Sxy 'Sy ) ® Sy 3D,) {0(SyxSxy )/ Oy, } (A1.15)
+ (K, T (0(SixSxy )/ 08y ) @ (vec{(syy 'Sk ) ®S53D,))
+(SxSxv ) ® (OVec{(syy 'Sy )OS 3D,) /354, ) 3 1.

Using
ovec[{(s 'S;&)@S;&}Dp]/asxv I

Ovec{(sxy 'Sx ) ®Sx
sXY '
= (D, '®I,)(Syx ®VvecS;y),
(A1.15) becomes
» A
8vec( oy ,)/asw'

08,08y

=(D,"¥1,) (A1.16)

=1, ®D, ) {(D, ®1,)(S5 ®VecS;,)}® (Si8y)
+Vec({(sy 'Sxx) ®SID,,) @S5,
+(K., ®T){ St ®vec{(sy, 'S;()@S;&}Dp)
+(Syc8x) @ (D, '@, )(S, ®VecSyy)) } 1.
From (A1.10),
8vec[az—'ﬁI)/aSXY \

Sy OSyy

(A1.17)

=2{I, ®(D, 'S5 MK, ®1p)[§SXY,®veclp)

XY

(A1.18)

=2{1, ®(D, "S5 MK, ®I)(I, ®vecl ),
which becomes, when the order of derivatives is changed,
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2)\

0 /4 1 pg-1k2>
GVGCKWJ/GSX _ZSXX Dp' (Allg)

sXY

2. The direct proof of Theorem 1
(a) Asymptotic robustness of aval, (,‘g )
It is known that
(2)abca = Kavea T (2nr)avca = Kabd T Onrap ca
(p+1>a>b>Lp+l>c>d>1),
(see e.g., Stuart & Ort, 1994, Equation (13.44)). As was derived in (4.2), we

have
" op. op.
n avar(f;) =ZZ£(9)W %’ (i=1..p) (A2.2)

\

(A2.1)

where Z and Z denote the summations over the ranges:
U V

U e{(a,b), (e,Y); p>a=b>1e=1..., p},
V e{(c,d), (9,Y); p=c>d =1 g=1..., p},
respectively Using (A2.1), (A2. 2) becomes

- Z Z Pa o” (Kapy + Onrapy ) + Z Z o (Kyey + Onrvey ) IB © (A2.3)

a,b=1 V \Vi e=1 V

In (A2.3), Ky isthe multivariate cumulant of Y,X, and the two varlables inV,

say Vi and V,, which is equivalent to that of P'X, X, V; and V, due to the
property of cumulants and the assumption of the independence of x and €.

That is, using the notation 4( - ,..., -) for the multivariate central moment of
the argument variables,
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p p
Kvev :/’l(Zﬁka’Xe’V V] H Zﬁkxk'xe /U(Vlivz)
k=1 k=1

_ﬂ(Zﬁka’Vlj:u(Xe’VZ)_lu Zﬁkxk’vz ,U(Xeivl)

B iﬂk{ﬂ(xk  Xer Vi Vo) = 1(X s X ) (v, V)

(A2.4)
— 1(X V) (X, Vy ) = (X, V) (X, Vi) 3
P
= ZﬁkKkeV -
k=1
Using (A2.3) and (A2. 4) we have
op, P 8,8
n avar(,b’ )= Z Zﬂ o wNTabV +ZZ ONTYe v
ab=l V e=1 V a(7\/
(A2.5)
=N avarNT(,Bi)’ (i=1.., p)-
(b) Asymptotic robustness of abis . (/5;)
In a similar manner, we have
a1 o°pB,
n abis(f.) =— —(Q
(ﬂ|) 2;;50U50V( )U,V
1 o’ B, 2, O°p,
:E Z —(Q)ab o T Z Z—(Q)ab,Ye
p>a>b>1 p>c>d>1 a aba p>c>d>1 e=1 aO' aGYe
da__bi bi (A2.6)
Z ﬂ o ) I( abcd +a)NTab cd) Z O-ea I Kabey +a)NTab eY)
a,b,c,d=1 a,b,e=1
(i=1..,p)

p
Since Kabev :ZIBKKabek (see (A2.4)), (A2.6) becomes
k=1

p p
_ da _bi ea _bi
- Z IBO- o a)NTab cd Z 6 O a)NTab eY
a,b,c,d=1 a,b,e=1

= n abis,, () =0.

(c) Asymptotic robustness of abisy; (v)
Noting that S, in ¥ does not contribute to the asymptotic/exact bias of
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¥ , we can use the same ranges of U and V as before:

n abis(y) = 22 ‘” o @

ZE Z a—w(ﬂ)abcd+ Z ia—w(ﬂ)am{e

2 p>a>b>1 p>c>d>1 a aba p>c>d>1 e=1 éaabﬁaYe
1 o
+- (Q)Ye,Yf
2 &1 00,00,
E d
a
- Z B0 By (Kapos + Onra ca) (A2.7)
a,b,c,d=1
p
f
+2 Z O-eaﬂb( abve T Onab, Ye) Z op (KYer T Oy, Yf)
a,b,e=1 e, f=1
=0 a‘biSNT (Q&)’

p
where Kvert = D BiKient B is used. Q. E.D.

I, m=1
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