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This article gives the second half of an expository supplement to
Ogasawara (2016).

4.5 Asymptotic cumulants of ’yy and %w, by the weighted score method
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5. Results using special properties of Example 2.2
5.1 Asymptotic cumulants of 0 and n by maximum likelihood
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5.3 Asymptotic cumulants of ?; and 7, by ML
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x(=3,-1,—-1,1,-1,1,1,3)"

{(p-pY-p'-p'+(p-p*)}

n"1 3
P4
n"1 3

p132 4

={(-p,p)®(p-p*,-p°,-p°.p—p)}(-3,-1,-1,1,-11,1,3)"

=p*{~(1-p), p,p,—(1- p),(A= p),—p,—p,(1- p)}

x(-3,-1,-1,1,-1,1,1,3)"

n'3

=—=p23(1-p)-p-p-(1-p)}

p124

3n"1 3n~!
2_4p)=

=6, (2-4p)= 2

Then,
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-1

Kz(’n):1+n7(1—2p)(—%+%+§j+0(n'2)

=1+0(n?) (a5 =1, o'y, =0).

k(1) = o, K, (P)
3\"'n (8p,j 3

3 82t,7 ot, e AN\ 124 (1) -3/
+= ® : Z{Veccov(p)} —n 3a,’ +0(n"7)

2 (@) \op
2 N A
=—5 (= LD ZK(p)
12
n—l/Zat n—l/ZaZt n—l/Zal,
+n "3 ncov(p) ~ncov(p) "+ O0(n™"?)

-1/2

n '
= 3/2 (_1’1’1’_191’_19_191){(p:0(6) 9p)_p2(391(6) ’3)+2p31(8) }

12

n—1/23( 11)(}9 p _p2 j(l O)(p_gf _pzzj(_1)+0(n3/2)
o p° p—p’ )\0 -1){ —=p* p-—p*)\1

=’; scry ) 7)o =06 @ -0

et)=| 2] k@)
4\*n (8[)'] 4

8t <3> 8 f (10)
w) {( n'j ® }Z{VGC cov(p) ®x,(p)}

») “@

3ot 7 % 7 afa YT ok
+ —( ”j ® . +—( ”j ® —
2\ op' @)™ ) 3lep')  (@p)”

(15)
X z {veccov(p)}* —n 1606,522 +0(n™?),
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where the first term 1s

-
n
—2(19_19_19 19_19 1917_19_19 1919_1919_19_19 1)

P2

x{(p,0,, " p)— P’ (4,1,1,0,1,0,0,1,1,0,0,1,0,1,1,4)
- p*(3,0,0,1,0,1,1,0,0,1,1,0,1,0,0,3)
+ 2p3(6,3,3,2,3,2,2,3,3,2,2,3,2,3,3,6)}'

-1

n
=—2{p-p’(4-1-1-1-) - p’G+1+1+1])

P2

+2p°(6-3-3+2-34+2+2-3)}

n! n!
=—2(p-6p")=——(1-6p),

P2 2p
the second term i1s

n! L4 R A
2= {(-LLL~LL-1,-11)®(1,0,0,~1)}n’ 3 veccov(p) ®x,(p)

P>

the third term 1s
n' {i% (1,-1,-1,1)®(1,0,0, —1)<2>
2 pp,
I 1
+ —4—(—1,1,1, -1,1,-1,-1,1)®(-3,-1,-1,1,-1,1,1,3)
P 2
(15)
x> Y {veccov(p)}”.
Consequently,
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1—6p+

1
7 3 {(_191919_1919_19_1,1)®(1,0,0,—1)}
p

K, ()= n{

(10)

xn° Z veccov(p) ® i, (p)

1,-1,1)®(1,0,0,-1)**

+(-L,L,1L,-1,1,-1,-1,1) ®(=3,-1,-1,1,-1,1,1,3)}
(15)

xn’ Y {veccov(p)}” } +0(n7?)
a0 +0(n™).
naCOV(n 1, a ) 0 (note that 05 =0),

nacov(n™n, A()) 0 (note that a =0),

5.4 Asymptotic cumulants éw and ﬁw by the weighted score method
A 0 . -1

éw B 16)+—|_3ll{c7:1"1 =0 [1 - lilZ;m"l ]Jr 1 +k;1kn"1

=0—-n"3k0+n""k + 0, (n™?)

=0+n"'k(1-30)+0,(n7),

K, (0y —6,) =n""0ty +n"'k(1-36,)+O(n™?)

=n"'k(1-36,)+0(n?) = n'lk[l —%912j+ O(n™)

= n_l(xwe1 + O(n_z) (a, =0),
i, (0y,) =n"'at,, +n(ay,, —6katy,)+O(n™)

o 2 3 B
=N Qgy 1 Ay, TOMT) (g, =0y s Oyprs < yyy),
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(1+3kn™) 222

I’l_lﬁ _ (1"‘3]{”_1)(152 - D)) _ Pt D, _ (1+3kn_l)n_lﬁ
w ~ n -1 -1 o -1
p,+ b, +2kn 1+ A2knA - A2knA
Pt D, Pt D,

= n_lﬁ {l +n 'k (3 —— 2 ~ ]} s OP (n—s/z)’
Pt D

K (n" Ny —nm,) =0(n) (cty,; = 0),
where My =0 and @, =0 are used,

K,(n"'hy,) = n—lanz +n” {aw + 2k[3 —Hij a,, } +0(n™)

12

=n"a,, +n” {aw +2k (3 - Hlj Qi} +0(n™),

12 12

where ) =1/6,, .

5.5 Asymptotic cumulants ’y, and %y, by the weighted score method
n" Oy ~0,)

{éw12(l_éwn)/4}l/2 '

~ O+kn™ P+ py+2kn”

Since YW — 14 3! - 2(l+3kn_1) , we have

b ag Bthte (0,0,
w2 w 1+ 3kn"" and “we {9W12(1—9W12)}”2 , where

tWO
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A A 3kn™! 2kn™ A _ A _
Oy, =0, (1— ey j+ Y =0,+n 1k(2—3012) + Op(n 2),

1-26,, A A
< < 0,,,, —0
2{912 (1 _912)}3/2 ( " 12)

{éwm (1 - éwu )}_1/2 = {éu (1 - élz )}_1/2 -

+0, (n?)

o K1=20,)(2-30,)
2{912 (1 o 912 )}3/2

= {éu (1 - élz )}_1/2 -

Consequently,

Lyo = n'? |:{é12(1 - élz)}_l/z -

+0,(n™).

ik —A2é12><g—3éu)}
2{912 (1 B 912 )}3/2

x{6), —6), +1n"'k(2-36,,)} + 0, (n>"?)
— t@ +n1/2k{ 2_3é12 _ (1—2é12)(2—3é12)(é12 _912)}4_0]7 (n—3/2).

A

e / e) e) /
{912(1_912)}1 ’ 2{912 (1_6)12)}3 ’
The asymptotic cumulants different from those by ML given earlier are

I k@-30 )
K, (tyg)=n" {aél)Jr{Q ((1_0 1)2;/2}+0(n )
12 12

-1/2 -3/2
=n \(?\Z/)Hl +0(n7),
K, (twe) =1

+n! {aé& +2knvar(6,, ){

-3 _ (1_2912)(2_3912) +O(n_2)
912 (1 o 912) {912 (1 o 912 )}2

:Hn_{a& 13 { ,(1-26,)2~ 3912>H+O(n_2)
012(1 012)

— 1 () -2
=1+n oy, +0On).

Note that 9w12 = zﬁw = 13w1 + ﬁwz - 29W,
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twn Enl/Z( lAT]T] )_1/2(7’1_177W)

A 1 1+3kn'
—lW = = = - - =
2py D+ Dp,+2kn
1 2kn”!
S VSR Y
P+ D, Pt p;
__ 1 +n'1k{A s 2 2}+Op(n_2)
) 2 2 ) 2l 2 (p1+p2)
:—f"”+nll{A3 22]+0 (n_z) (—f"” =— ! — = Al J,
0, 6 ptp, 0,
—iy) = (=) —%(—f ") )+ 0, ()
n Y/ 2
e e A
2 012 012

2 A1/2

12
s (43kn7NYp, - D)
n 77W o A A -1
p,+ D, +2kn

-1
= 9112/2 - £ (39112/2 - J"‘ 0 (”_2)

_ PP gy -2 L2720 ()

p1+p2 (p1+p2)
Do pl+n1k(pz pl){ 3A —— ZA 2}+0p(n2),
P+ P, p+p, (p+Dy)
32 .
_DD p1+n1k(p2 pl)( A2)+0p(n2).
012 12 12

Then,
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th _nl/Z( l I/Z(n—lnw)

12

_ A oA I{ 3 2 3 2 _
:zn+n”zk(p2—pl){——[A —— }+A —— }+0p(n3/2)

L, P—Dil 3 2 .

—1 +n 2g Po ™ Py [ - A3/2}+0 (n?).
2 0, 0,

The asymptotic cumulants different from those by ML given earlier are
-3/

K; (fwn) = 0p (n™") (a\(xtz)nl =0), where 05 =0 s used,

i (Fy,) =1+ n! { W +2knvar(p, — p,) ; [Qi 022 j} +0(n7?)
12 12

:1+n1k[3—eij+0(n )=1+n" a\(,é) w+O0m™),
12
where amz 0 and n Val‘(p2 ]A?l) =p TP, = 912 are used.

0
n acov(@wu, Wl

=n acov(é’12 L))+ kn Var(Q12 ){ -3 - (1-26,)(2 = 3?}5)}
{912(1_912)} 2{912(1_912)}

+0(n™")

A 1-26,,)(2=36,,) ]
=nacov(0,,,a")—k| 3{0,(1-0 vz 12 22 1+0(n™),
n ( 12 01) { { 12( 12)} 2{912(1_912)}1/2 (n)
nacov(éwu, al) )= nacov(@lz,am) (i, =ay)).

where for 7 aCOV(leaam)) and " aCOV(0129a93 ) see Subsection 5.3,
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nacov(n”'ny,,dy,,) =nacov(n™19,a,)) =0,

nacov(n My, \(,5),73) nacov(n™'1, a“)) 0,

) _ 0 (1) _
where Gy, =&, = =0 and Oz = 05 =0 are used.

6. Asymptotic expansions for the estimators in logistic regression
The parameters in logistic regression are canonical parameters in the

exponential family yielding —AZ = I; and
0" 1 00,(00,") " =E {01 /00,(30,) "} =1 (i=2,3,..).
The restriction used is linear with respect to parameters i.e., hy=p-pB,=0,

which gives H;=(l, =1)". Then, (A1.6) under correct model
misspecification becomes

0, -0, ol
=—| ALV — —(n"'Aq; »
-15 [ 0 590 jo (n'?) ( ’ qO)O(n .

n My
— \<2>
B lA*_l ET(JS)) A(n)a_l
2" o " 09, Do

o A ET (Jff)) AUD 51_ ® —1A(11)q
0 o 0 800 0T
(A)

(B)

_l(A(ll)A(U))(E (J(3))J[A(“) al j i } :| :|
2 o) o0

(B) (Ao, (n™¥?)
+<A( ). -1 aq Mo pan GL ol }
K 0

"

-

) E J(4) — \<3>
+4 le—l T( 0 ) AE)“) i +0 (n_z)
6 o) 09, ’
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_ — \<2>
ol . 1 ol
— I(-l) + n—II('l) - _I('I)I(3) 1(11)

_|: 18'1)183)

(A)

_ — \<2>
ol 1 ol
x I(ll) ® —11(11) 1(11)1(3) 1(11)
[[ 0 aﬂoj { q, + 70 0 (0 890) }] :|

(A)Op(n%/z)
" I( ). -1 aqo (A ol }
' O

( — \<3>
1 Dy [ yan 0l )
gIO IO IO 8—00 + Op (n )
L 0 ()

3
EZA%}]S) +n '1I{"q; +0, (n™)

i=l

N\

N

(AY =0, 1) =0,(n"), i=1,2,3),

where

ol 0l ¢ (Ui 1—U,.j513
= =N Z —_

00, oB, S\P O )oB,

:n—l Ui _Pl aPl :n_IZ(Ui _Pl-)Xl-,
i=1 BQZ aﬁo i=1
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0 0B.oB,’ n L POXX;,
(I67) e == ol n i(l —2P)PQO.x, x, X,
. 0.0 B0 By = e
(184) Jabea = L n i(l —6F + 6}32 VEO X, Xy X, X4

aﬂOaaﬂObaﬂOcaﬂOd i=1
x,=(x;), i=1..,n;a,b, c, d=1,..,9).

7. Some properties of the estimators of Lagrange multipliers
From the first-order condition of the estimators of parameters (see (Al.1)),
we have
5 l_ 193 A 1A%
—+n H +n =0
o0, wlw qQw _ (S7.1)

Define C* asa g X7 fixed matrix of order O(1) with C 'Hw being
non-singular. From (S7.1)

1A _ * o -1 * al_ 1A%
n nW__(C HW) C 86W+n Qv (S7.2)

follows. We have

*' /\ 1A
Lemma S6. Assume that C Hw is non-singular, then ™ WMy in

(S7.2) does not depend on C*.

Proof. Let E ji bea ¥X{q matrix whose (j, i/)th element is 1 with the

remaining ones being 0. Then,
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6 K * 0 2 - * g 2 * ! A ¥
nﬁc:]w — (C 'HW )—1 EﬁHW (C 'HW )—1 C '[aﬁ,\l n nlqwj
i w

.o ol .

—(C"'H ) 'E.| —+n'q
( W) ﬂ[aew qu
!

=—(C 'I:IW)_IEji ICIWn_IﬁW + i + n_lflﬂ\;v =0,
00,

which gives the required result. Q.E.D.

1A -1
The asymptotic bias of 77 Ty up to order O(n) is given by (5.14)
or (5.17) as

n_lanm =n" (a‘nMLl — Ag)zl)qﬂ(;) , (S7.4)
which is also given from (S7.3) as follows. Noting that
A * 61_
n'R,, =—(C"'H, )" C'——,
ML ML @OML
H,=H, +0,(n") (use (42)),
ol ol o0°’l A 4 ]
~— =~ t—_= — 0y -0, )+0,(n ")
00, 00, 00,00,"
7 (S7.5)
= Ezl + Op (nh),
00,

Gy =4, +0,(n"),

we have
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% g 2N * al_ *
-1 _ ' -1 C ' -1A
E (n le) E {(C Hy, ) {@GW j}

=-E, {(C* 'I:IML)_lC* '[ ol +n qoj}+ O(n™>)
aeML (S7.6)

=7 0, —(C ' H) ' C g} + O ).
Let C =A;H; =0(1), then (S7.6) becomes
n o, —(Hy Ay HY) T H 'Ad'qe ) +O0(n™)
=1 (ty, —AGq) +O(n )
= n_loznw1 +0(n™),

which shows (57.4). In (S7.7), since
ol

GOML

(87.7)

n_lﬁML (C 'HML) 'c

= {_(C* 'Ho)_l + (C* 'Ho)_1 'i 2130 (OML O)i(C* 'Ho)_l }

i=1 0i
* 61_ 621_ A 831_ A <2>
xC '{ + '( v —0,) + —= (04, —0,) 2 }
00, 06,00, 2@9469 )
-3/
+0,(n 2,

(S7.8)
we have
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E,(n 'y, )=—(C""H,)"'C"'

X {AO%MM + %ET (I )yvec(AVPTAL ") —nE, [MAE)”) aa(ij}

0

+(C'H,)"'C""

1

q H * *
0 2(C 'HO)_IC '(—FA(OH) +A0AE,“)FA§)“)),I.
=1 0i
-2
+0,(n7)
= ”_1%ML1 + Op (n_2 ),
(S7.9)

which is an alternative expression of O;mL1 given by (5.17). The algebraic
equivalence is shown as follows. From (5.17),

o\, =AY nE, i' ®M |vec(A")

00,
— O(H

_ AE)21) Z a( 0)'.(1 (A(()II)FA(()IZ) ).a

a=1 90
- E.(J{) (S7.10)
— 7(Agz”Ag”)) 0°h, |vec(Ag 'TAG).
(690 |)<2>

On the other hand, let C = Aa lHo . Then, using HOAE)H) =0 , we have
from (S7.9),
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O = —(H,'A, 1H0) 1H ‘A, 1

X {AO%MLI + %ET (IO )vec(AVPTAL ") —nE, [MAB”) (féj}
0

oH
+(H,'A)'H) 'H,'A, Z —Y%H,'A,H)'H,'A;'
i=l1 0i
x (-TA{"Y + A, APTANM)
lH -A(lz) azh

SH A —(80 ez vec(AY'TA)

=—(H,'A;'H,)™ {—
L AR (1@ (DA (D) A an 01
+—H,'A; E . (J;”)vec(A, 'TA;)—H,'A, nE. | MA; ' —
2 0 0 T 0 0 0 0 0 T 0 80
0

_AEJZI)Z(I:%(AE)ZI)FASI) ).i

i=1 0i
1 _ Gzh 1
_ {5( H)"' o, )<2> —EAEZDET (J(()”)}VGC(AE,“)FA(O“))
(21) ol (11)
+A, 'nE,; Y — QM |vec(A, )
0

_Af)Zl)Z a(al-;o)'.a (Agll)rAf)U) ).i,

a=1 0
(S7.11)
where VEC(ABC) =(C'® A)vec(B) is used. Noting

AP =—(H,"'A;'H,)™ , we find that (S7.11) is algebraically equal to (S7.10).

When R, is linear with respect to 0, , I:IML becomes a fixed H, in
(S7.8), and (S7.9) is simplified as
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E; (n_lﬁML )=—(C 'H, ) C

1 _
xS Aoy, + =B (J57))vec(AG 'TAGY) —nE; | MAGY or
2 08,
=)
+0,(n"7)

-1 -2
=n 0, +0,(n"),

(S7.12)
Let C =I,'H,. The asymptotic covariance matrix of n_lﬁw (n_lf]ML)
1s given from (S7.8) with (S7.2) as
Theorem S4. In the general case with N, being possibly nonlinear with

respect to 9, define aCOV (") as the asymptotic covariance matrix of order

-1 . . . .
O(n"") for the vector of the argument under possible model misspecification,
then

nacov,(n 'fly ) =nacov,(n ', )
= (C* 'Ho)_l(:* 'FC*(HO 'C*)_l (S7.13)
—(H,'I;'H,)"'H, 'I;'TI;'H,(H, 'I,'H,)". |

Under correct model specification with I' =1, (S7.13) becomes

1A 1A -1 -1
nacovy(n My )=nacov(n Ny )=H,"I;H))" (5714
which is known (see e.g., Ogasawara, 2016, Corollary 2).

8. Types of restrictions with examples in maximum likelihood estimation
Denote parameters in a statistical model by 0 =(6,,0,,..., Qq)' and

restrictions by h=h(0) =0 where hisan »x1 vector with its elements

h.=h(0)(i=1,..,r) being functions of 0.The ¢xr matrix H= ch'/ 00
is also used. Let L(0]X) be the likelihood of @ in a statistical model when
n independent observations denoted generically by X are given. Let 0" and

0 with 0" #0® be in the neighborhood of 0. If
L0V | X) = L(0® | X), the statistical model is said to be unidentified. A
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typical model without model identification is that of exploratory factor analysis.
Two rotated solutions e.g., varimax and promax, give the same value of the
Wishart likelihood, where different rotation criteria to be optimized are used for
identification (see e.g., Ogasawara, 2004). These cases without model
identification typically give singular information matrices (Silvey, 1959,
Section 6; Silvey, 1975, Subsection 4.7.5; Lee, 1979, Property 2B).

Assume that L(0" | X) = L0 |X) for arbitrary 0" 20 in the
neighborhood with the restriction(s) h(0)=0 on 0.Let 7 be the minimum

number of restrictions selected from /2, =0 (i =1,...,7) to satisfy the above
inequality. Define the 7 restrictions as

hi9 = h® (0) = (K19 (8),..., 11 (0))' =0 .

Definition S1. /1] The restriction(s) for model identification are defined

as W'Y =0 to remove the model unidentification in statistical models. [2] The
restriction(s) for genuine constraint(s) are defined as those that impose added
constraints on parameters, when the model can be specified as an identified
statistical model without the genuine restriction(s). For the model with the

restrictions h=0 including h" =0 the r—7 genuine restrictions are
denoted by h'® = h(gr)(e) = (hrgi)(e)a---ah;gr) (9))' =0 with
h=h""", W) \where the elements of W' are functionally independent

of the elements of h'"" . When a model is identified without h"Y =0, h=h®"
Consider the example of testing the equality of the binomial proportions
in two independent groups, which was used by Silvey (1959, pp. 405-407).

Assume that the sample sizes for the two groups, denoted by 7, and 7, with

n =n, +n,, are non-stochastic. The situation is summarized in the following
table.

1 0 Total
Group 1: X, m, m, n,
Group2: X,  m,, my, n,
Total m, m, n

In the table, X, and X, are dichotomous variables taking values of 1 and 0
for the two groups, respectively, while stochastic m,, and m,, are observed
frequencies in Group 1 for the cases of 1 and 0 respectively, with
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m,, +m, =n,. Stochastic m,; and m,, in Group 2 are similarly defined,
which gives stochastic m, =m,, +m,, and m, =m,, +m,, .

Next, parametrizations with equal proportions in this example are given in
two ways to illustrate the definitions of the different types of restrictions on

parameters. For illustration, we use the ML estimators (MLEs) rather than the
WS estimators (WSEs) (the WSEs will be illustrated in the next section).

Example 1.1 (Silvey, 1959) Define 6,/ (6, +6,) = Pr(X, =1),
0,/(6,+0,)=Pr(X,=0),0,/(6,+0,)=Pr(X, =1) and
0,/(0,+0,)=Pr(X, =0) . Three restrictions &, +6,=1,0,+0,=1 and
0, =0, are summarizedas h=(0,+6,-1,0,+60,-1,0,-0,)' =0 Note
that the unit value in '91 + 92 =1 and 93 + 94 =1 canbe replaced by other

nonzero values with equal signs for 0, and 0,;and similarly for 6, and 0,.

It is also to be noted that h =0 can be replaced by Ch =0, where C is an
rxr fixed nonsingular matrix whose order can be other than O(1), if necessary,

e.g., O(n). For simplicity, we use C=1,, asusual, where I, isthe rxr
1dentity matrix.
We find that the first two restrictions 6, +6, =1 and 6,+6, =1 are for

model identification, and the third restriction 91 = 93 1S a genuine constraint
as defined earlier. Let ln be the log likelihood with the vector n of Lagrange

multipliers. Then,

[, =m log6 +m,log0, —n log(6 +06,)

+m,, log 0, + m,, log6, —n, log(6, +6,) +h'n, (58.1)
which gives
aln My omy, o my,, n, iy, +Hy
00 0, 91+92, 0, 91+92’ 0, 03+94’ 06, 0,+0, (S8.2)
=0,

1 0 1

H= 1 0 O
where |0 —1 |. Subtracting the second element on the right-hand side

0 0

1
1
of (S8.2) from the first element and similarly for the third and fourth elements,
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we have
my, My my, My

6 1-6 =15 and 0, —1_93 =1;, (S8.3)

where 92 =1- 91 and 0,=1- 93 are used. Summing the two equations of
(S8.3) and using 0, = 0, , the MLEs are given as

él=é3=ml/(ml+m2)=ml/n,

Y A

0,=0,=m,/n,
A m, m m, m m m
A, =— dii Alzz—n( 11 12j:n£ 21 22],
91 92 ml m2 ml m2
- nm (S8.4)
a — 12 __ 1 12
771 _nl_ A _n(__—)’
0, nom,
m n, m
a — 22 2 22
n,=n,—— —n[———j.
0, n m,

From (S8.4), it is seen that when 7, — +%© and 7, — +% |the limiting

values of n_lﬁ,- (i=1,2,3) are zero. Since N can be redefined as n'm as
addressed earlier, the probability limit of 1, denoted by m,, which is defined
when infinitely many observations are available both for Groups 1 and 2, is

n, = 0.

Example 1.2 When 0,=1-0, and 0,=1- '93 are used in the
likelihood,
[, =m, log6 +m,log(1-06,)+m, log0; +m,log(1-06,)+hn, (S8.5)
where 7#=0,—60,=0 and n are scalars with H=(1,—1)". From (S8.5),

8177 _Lmn_nlel mzl_n293j +Hn=0

o0 B 01(1 _91) , 03(1 _93) (58.6)
giving
my, —n,6, _ m,y, —n,0,
—————+n =0 ———=—=—n=0
91(1 o 91) and 83(1 - 93) . (58.7)

~ ~

From (S8.7), we find that 6, =6; =m, /n isunchanged from that in Example
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1.1 and
m,, —n,0, _ n(nm, —nm,)
6,(1-6,) m,m,

ii=-

_ My _n291 — n(nmy —n,m) (S8.8)
0,(1-6,) mm,

is different from 75 in Example 1.1. The only restriction in Example 1.2 1s
thus a genuine one as defined earlier. Assume that
c,=n/n=0() and ¢,=n,/n=0(1) (S8.9)

M

are fixed even when 7, = +© and 77, — +%  Note that the limiting value of

Vl_lﬁ when 7, — 1+ and 7, — +% under (S8.9) is 0.

When ¢, and ¢, areused, 0=60,=0, and 1 in Example 1.2 are
rewritten as
A m, m,+m n,m n, m
— 1 _ 11 21 71 11 2 21 ~ ~
0=—= === P TGP, (S8.10)
n n n n n n,

where P, and P, are the usual sample proportions in Groups 1 and 2,
respectively, and

n{(my m)—=(n /n)(my /)y n(e,p—c0)

" (m, I m)(om, /) 6(1-0)
__hqG (D, — C1ﬁ1A_ C,05) —n Clczfﬁz _Alal)
6(1-0) 0(1-0) (S8.11)

n 6, (P, = p1)
(Clﬁl + Czﬁz)(l - Clﬁl - Czﬁz)
The limiting value of n™'1 is clearly seen from (S8.11).

For another type of restrictions with an example, see Section 11 of this
supplement.

9. Examples by the weighted score method

In this section, the estimators by the weighted score method are illustrated,
where the weights are given by the derivatives of typical log priors. An example
using the weight to remove the asymptotic biases of the estimators of restricted
parameters and a Lagrange multiplier 1s given in Ogasawara (2016) using
penalized logistic regression.

38



Example 2.1 This example has the same model specification as in

Example 1.2. The two parameters 91 and 0, in Example 1.2 are redefined as

0, and 0,. Using the independent beta priors for 6, and 6, with the same

fixed parameter k +1, the posterior or the weighted likelihood of @ using the
single Lagrange multiplier 1 1is written as

Lnk = constant x {Hil leli (1 . 91 )l—xli } {HZI 929625 (1 i 92 )l—xZI }
x{0,(1-6,)}* {6,(1-6,)}" exp(hm),

where X,(i=1,...,n) and x,;(i=1,...,n,) are the observed values of X,

and X, in Groups 1 and 2 shown in the previous section, respectively; and

h=0-0,=0 asbefore. Then, using an = log L,,

(S9.1)

ol _ |y +k—(n +2k)0, my, +k —(n, +2Kk)0, +Hp=0
o0 0(1-6) 6,(1-6,) , (892)
where H=(1,—1)" is as before.
Define éw =(0y,,0y,)" as the vector of the WSEs for 0,. Then, from
(S9.2),
m,, +k—(n, +2k)0,, . my, +k—(n, +2k)0,,
; x +1yw =0 and ; - ~w =0 (593
Oy, (1-6y,,) " an Oy, (1-0y,) v > ( )

where My is the WSE of 1,(=0) . Summing (S9.3) and using Oy, = Oy,
give

A A _m, +2k

Oy =0y, =0y, = T (S9.4)

and
. omy, +k—(n, +2Kk)0,
Mw=- A A
0,,(1-6)
(n+4k)(m, +k)—(n, +2k)(m, +2k)
(m, +2k)(m, +2k) (S9.5)
(n+4k)(m,, +k)—(n, +2k)(m, +2k)
(m, +2k)(m, +2k) '
From (S9.5), we find that & is an added pseudocount in each cell of the

=—(n+4k)

= (n +4k)
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associated 2x2 contingency table in the previous section.

Define
. _my+k .  my,+k B
= 5 = s I’l =7’l+4k,
Pwi 2k Pw> 7+ 2k w (S9.6)
_n+2k n +2k _ny,+2k  ny,+2k
Cwi1 = n+ 4k = 1y, and Cwa = 0+ 4k - Ny, with Cw1+cwz :1.
Then,

A _m1+2k_n1+2km11+k+n2+2km21+k
V' n+dk  n+4k n +2k  n+4k n, +2k

= Cy 1 Pwi ¥ Cwa Py (S9.7)

and
A = My TR =y + 2600, +2K) _ 1yConPua = My CyrrOyy
v (m, +2k)(m, +2k) O, (1-6,)
_ NwCw, (ﬁsz_ Cw1éw1 — Cy2Pwn) _ MwlwiCw (ﬁwAz — Dwi)
0y, (1-6y) Oy (1-06y,) (S9.8)
_ MwCwiCwr (ﬁwz — f?w1)
(CWIﬁWI + CWZﬁWZ )(1 _CWIﬁWl + CWZﬁW2)

follow.

Example 2.2 So far, the examples are for two-group cases. In this example,
a single group is used, where the categorical distribution (a generalization of
the Bernoulli distribution to more than two categories) with three categories is
shown. A restriction of equal probabilities of occurrences of the first two

categories is imposed. For the three original parameters 0, 0, and 0,
corresponding to the three probabilities for the categories, the Dirichlet prior

proportional to (6,0, 93)k 1s used.
Define

L, = constant {1_[7:1 6.0, 6, 1(6,0,0,)" exp(hn)

= constant x{J " 6,76, (1-6, —6,)" ™ {6,6,(1-6, - 6,)}" exp(hm), (59:9)

where V1> Vai,and ¥y, (i=1...,n) are observed values of the dichotomous
variables Y, Y, and 1;, respectively, which take values of 1 and 0 with

Y+Y,+Y,=1 h=6,-0,=0_and H=(1,-1)". Define lkEIOgLnk and

n
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0 = (017 02)'. Then,

ol
nk _ m+k  my+k , my+k  my+k +Hp=0 (59.10)
00 0, 1-6,-0, 0, 1-6,-0, ’ '

where stochastic 7%, M, and " are frequencies for the three categories
with m, +m, +m; =n_ From (59.10),

m, +k m, +k 5 m, +k m, +k Ao =0
~ - = = w — VY and = - ~ ~ Tlw =V (S9.11
9W1 1- 9W1 - sz sz 1- 0w1 - sz ( )
In a similar manner as before with 9W = 9w1 = ‘9w2 ,
m, +m, +2k m; +k
A -2 —=0 sives
6, 1-20, 5
m, +m, +2k (m +m)n" +2kn"
= = ] ) (S9.12)
2(n + 3k) 2(1+3kn™)
Define the MLE 6 as 9W when k£ = 0. Then,
é _ é +hkn!
LARETREYSE (S9.13)

Using the usual sample proportions p; =m; /n (i=1,2,3),

6 P, + D, +2kn”"

W 2(1+3kn_1) : (S9.14)
B = m1+k+ m, +k
On the other hand, (S9.11) gi WA 3, and
n the other hand, ( ) gives QW 1_29W an
consequently,
“In A -1
n—lﬁw :_2(1—':\3](”,\ )(p1+_k1n )+1+3kn—1
p,+ D, +2kn
D -1 DNp. = b S9.15
1 2Bt |3k b= (5915)
p,+ D, +2kn p,+ D, +2kn

Define 7y =n(1+3kn™") =n+3k Then, (S9.15) becomes
A, = ny (P, — p))
Vb + py+2kn

(S9.16)
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A m+k n m+k n

Define Pwi = -
Ny Ny N Ny

n -
(D + 517 Then, (89.16) is

rewritten as

ﬁ _ nw(ﬁwz _ﬁWl) _ n(ﬁz _ﬁ1)
W ~ A oA A ) S9.17
Pwi T Pw2 Pwi T Pw2 ( )

10. The restrictions for model specification
The third type of restrictions 1s for model specification. The restrictions are
defined as those to specify a part or whole of the associated model so that

S(X[0) (=(L(0]X)) iswrittenasa probability density or mass of X,

which is seen as a set of random variables when 0 is given. This type is
different from the two types of restrictions in Definition S1. Note that the
model becomes meaningless unless the restrictions for model specification are
imposed. Recall that the model without the restrictions for model identification
is still of interest since the likelihood in unchanged. Recall also that the models
without the genuine restrictions are regular ones by definition.

Example 1.3 When the restrictions 91 + 92 =1 and 93 + 94 =1 in
Example 1.1 are used in the likelihood as

0,/(0,+0,)=0,0,/(6,+6,)=0,,0,/(0,+0,)=0, and
0,/(0,+0,)=0, wehave
177 =m,, log0, + m,log0, + m, log0, + m,,log6, +h'n, (S10.1)

N L0 o
where = 3@+ 49_ and |0 1 —1| areas before. Equation
17 Y 01 O

(S10.1) gives

'

al’] _[mll m12 le m22j +H‘]:O

B ’ ’ ’ S10.2
o (66, 0,6, (510.2)
Consequently, (S8.3) also holds, which gives
A m, _m, ny,, _my
=—p| —L——= |=p| —=— ——2=
R ( m m, j ( mm, j (S10.3)

On the other hand,
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A~ Iy m, Ao My, Ny

n=——=—-n— h=——7 =—h"h—
1 0, m, and 2 6, m, - (S10.4)

Assume that (S8.9) holds. Then, while (110)3 , where (), 18 the i-th element

1A
of a vector, is the same as in Example 1.1, the limiting values of 7 7]} and
1A
n 1, when 1 —> 1% and 7, —> +% under (S8.9), are
-1 -1
n(My);=—¢ and 7 (M), = —C,, (S10.5)

respectively. The results of (S10.5) are not equal to those in Example 1.1.

The difference stems from the differences of the types of restrictions
h =0 and 4, =0 from those in Example 1.1. In Example 1.1, the restrictions
are for model identification whereas in Example 1.3, they are for model
specification in order that 6, (i =1,...,4) are probabilities. Note that the unit

valuein 6, +60, =1 and 6,+6, =1 cannot be replaced by other ones,

which was possible in Example 1.1
Note also that in Example 1.3 unless the restrictions for model
specification are imposed, the likelihood becomes infinitely large when

91 seees 94 go to infinity.

11. Some additional numerical results
Tables S1 to S3 give additional numerical results for Ogasawara (2016,
Section 5).

12. Errata
The expression (—| I, )" after (3.18) on page 24 of Ogasawara (2016)

should be ([T, [")"*as in (3.18).
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Table S1. Accurate and higher-order asymptotic standard errors (SEs and
HASES) of the studentized estimators and their transformations (¢; = .4 and
Cr = 6)

(n) ML (n) WS (k=.5)
Ac. (25) (100) (400) (25) (100) (400)
order SE HASE SE HASE SE HASE SE HASE SE HASE SE HASE
p =.1, studentized sample proportion
1 tw 1.15 127 1.11 1.07 1.021 1.019 84 94 99 99 997 .997
2ty 74 77 1.03 95 985 987 .91 .83 96 96 990 .990
2 twa 76 81 1.09 96 988 989 .93 .87 97 97 992 .992
3 tpy 84 1.00 731 1.00 1.27 1.000 1.19 1.00 59 1.00 1.009 1.000
p =1, studentized sample Lagrange multiplier
1 tw .98 1.02 1.005 1.005 1.001 1.001 .86 .87 .967 .968 .992 .992
2 tqy 97 1.01 1.003 1.003 1.001 1.001 .85 85 963 964 991 .991
2 tya 97 1.01 1.003 1.004 1.001 1.001 .85 85 964 965 .991 991
3 tp 92 1.00 .998 1.000 1.000 1.000 .97 1.00 1.002 1.000 1.000 1.000
p =.3, studentized sample proportion
1 tw 1.13 1.08 1.023 1.021 1.006 1.005 .98 98 .994 994 .999 .999
2 tqy 1.03 95 984 987 997 997 95 95 988 988 .997 .997
2 tyy 1.00 95 986 988 997 997 96 96 989 989 .997 .997
3 tp 202 1.00 3.42 1.000 1.000 1.000 1.67 1.00 1.006 1.000 1.001 1.000
p =3, studentized sample Lagrange multiplier
1 tw 1.0211.020 1.005 1.005 1.001 1.001 .998 1.001 1.000 1.000 1.000 1.000
2 tay 1.019 1.019 1.005 1.005 1.001 1.001 .995 1.000 1.000 1.000 1.000 1.000
2 tya 1.0191.019 1.005 1.005 1.001 1.001 .996 1.000 1.000 1.000 1.000 1.000
3 tp 998 1.000 1.000 1.000 1.000 1.000 1.001 1.000 1.000 1.000 1.000 1.000
Note. Ac. order = accuracy order, ML = maximum likelihood, WS = weighted score, SE =

-1 1/2 .
accurate standard error, HASE = (1+7n'a\)"? (&) is @ 0iar» Qdorars OC,%JILM or

()
anWA2 )
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Table S2. Accurate and asymptotic third cumulants (a5, Ggws> %oy and

a5 ) of the studentized estimators and their transformations (¢; = .4 and ¢,

~ .6)

(n) Acc.
Ac. ML WS (k=.5) WS (k=1)
order (25) (100) (400) (25) (100) (400) (25) (100) (400) Asy.
p =.1, studentized sample proportion
1 tw -42 -125 -6.2 -1.5 58 54 -1 32 48 -5.3
2ty 1.0 117 7 5 2.5 4 -1 A A 0
2 tm 1.5 -322 .5 2 4 2 -1 -1 A 0
3ty 1.6 8ell lel0 -4.3 4e5 8e4 -4.9 -2.5 -4 0
p =1, studentized sample Lagrange multiplier
1 tw -124 -1.18 -1.11 -.63 -1.02 -1.08 -42 -90 -1.05 -1.09
2ty -60 -14 -03 -40 -20 -.05 -.34 -23 -.07 0
2 tya -60 -14 -03 -40 -20 -.05 -.34 -24 -.07 0
3 tpy -64 -18 -.03 -58  -18 -.05 -.57 -19  -.06 0
p =.3, studentized sample proportion
1 tw -55 2.1 -1.8 -1.9  -1.8 -1.8 -8 -1.5 0 -1.7 -1.7
2ty 35 3 A 9 2 A A A .0 0
2 tma 25 3 A 3 A .0 -.0 .0 .0 0
3 toy  4e9 1.9 .0 431 le5 -.0 -1.3 -.1 -1 0
p =3, studentized sample Lagrange multiplier
1 tw -44 -37 -36 -38 -37  -36 -.34 -36  -36 -.36
2ty -07 -01 -.00 -10  -02 -.01 -.12 -03  -.01 0
2 tqa -07 -01 -.00 -10  -02 -.01 -.12 -03  -.01 0
3 tp -10 -01 -.00 -10 -02 -.01 -.10 -03  -.01 0

Note. Ac. order = accuracy order, ML = maximum likelihood, WS = weighted score, Acc. =

1/2

accurate values multiplied by n"“, Asy. = asymptotic values, xey = xx 1(’.
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Table S3. Accurate and asymptotic fourth cumulants (o, Gy, % and

o, ) of the studentized estimators and their transformations (¢; = .4 and ¢,

~ .6)

(n) Acc.
Ac. ML WS (k=.5) WS (k=1)
order (25) (100) (400) (25) (100) (400) (25) (100) (400) Asy.

p =.1, studentized sample proportion

1 tw 11 457 106 2 116 87 -1 40 71 81
2ty -5 7e4  -48 -10 230 -42 -6 -24 -37 -39
2 tm -2 3e5 -35 -9 1 -34 -6 -19 -30 -33
3 tp 2e6 lel8 3e20 11 4e9 3el3 21 16 le6 0
p =1, studentized sample Lagrange multiplier

1 tw -158 -18.1 -159 -6.1 -14.6 -153 3.1 -11.9 -147 -15.4
2ty -17.0 -21.7 -19.2 -6.4 -17.2 -184 3.2 -139 -17.6 -18.5
2 tyy -17.0 -21.5 -19.0 -6.4 -17.1 -18.2 32 -13.8 -174 -18.3
3 tpy 79 -65 -1.1 -189 -356 -414 -19.6 -51.5 -74.8 0
p =.3, studentized sample proportion

1 tw 111 24 19 24 19 18 7 15 17 18
2 tay  6€3 -12 -10 5 -11 -10 -6 -9 -10 -10
2ty 4e3 4 -9 -7 -9 -9 -5 -8 -9 -9
3 tp 2el5 3el9 -0 3e8 4el2 0 10 le5 1 0
p =3, studentized sample Lagrange multiplier

1 tw -50 -40 -38 42 -39 38 -3.5 3.8 -3.7 -3.7
2ty 57 44 -41 46 43 41 -3.9 42 41 -4.1
2 tha -56 44 -4l 46 42 41 -3.9 4.1 41 -4.0
3 tpy -1.7 -2 42 -6.1 58 -56 -8.6  -10.6 -11.0 0

Note. Ac. order = accuracy order, ML = maximum likelihood, WS = weighted score, Acc. =

accurate values multiplied by n, Asy. = asymptotic values, xey = xx 10"
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